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ABSTRACT
Left handed materials (LHMs) are artiﬁcial materials that have negative electrical per-
mittivity, negative magnetic permeability, and negative index of refraction across a common
frequency band. They possess electromagnetic (EM) properties not found in nature. LHMs
have attracted tremendous attention because of their potential applications to build the perfect
lens and cloaking devices. In the past few years there has been ample proof for the existence
of LHMs in the microwave frequency range. Recently, researchers are trying hard to push the
operating frequency of LHMs into terahertz and the optical regime.
In this thesis, we start with the theoretical prediction of left handed materials made by
Veselago 40 years ago, introducing the unique electromagnetic properties of the left handed
materials. After discussing the realization of LHMs by the split ring resonators (SRRs) and
wire designs, we brieﬂy review the development of LHMs from microwave frequency to the
optical regime. We discuss the chiral metamaterial, which provides an alternative approach to
realize negative refractive index.
In Chapter 2, we discuss the electromagnetic properties of the SRRs and the breakdown of
linear scaling properties of SRRs at infrared and optical frequencies. By discussing the current
modes, and the electric and magnetic moments, we study three resonance modes of SRR with
respect to diﬀerent polarizations of EM waves. Through numerical simulations, we ﬁnd the
breakdown of linear scaling, due to the free electron kinetic energy for frequencies above 100
THz. This result is important. It proves that researchers cannot push metamaterials into the
optical regime by just scaling down the geometrical size of metamaterial designs used at low
frequency.
Due to the breakdown of the linear scaling property, a much smaller structure size of LHMs
xv
design is required in the optical regime, so new designs with simpler topology are needed.
In Chapter 3, we discuss a short wire pair design, which has a distinct advantage over
conventional SRRs. We systemically study the electromagnetic properties of the short wire
pair design. We determine the criteria overlaps the electric and magnetic resonances of short
wire pairs. Using an H-shaped short wire pairs design, we demonstrate negative refractive
index experimentally.
In Chapter 4, we introduce a LHM design using short wire pairs with long wires, which
avoid the diﬃculty of overlapping the electric and magnetic resonances. We also discussed the
relationship between three important LHM designs suitable for the optical regime: double gap
SRRs, the short wire pairs, and the ﬁshnet structure.
Compared to LHMs at microwave frequencies, the current designs at optical frequencies
suﬀer from high losses which limit their potential applications in the area requiring low losses,
such as the perfect lens. In Chapter 5, we investigate the role of losses of the short wire pairs
and the ﬁshnet structures. We ﬁnd the losses can be reduced substantially by increasing the
eﬀective inductance to capacitance ratio, L/C, especially at THz frequencies and in the optical
regime.
1CHAPTER 1. LEFT-HANDED MATERIALS: THE CONCEPT AND
THE HISTORY
About 40 years ago, a Russian scientist, Victor Veselago, had the idea that materials with
negative refractive indices can bend light into the backward direction and behave in many
other counterintuitive ways [2]. However, due to the absence of such materials in nature, this
idea has been silent for four decades. Until 10 years ago, Sir J. B. Pendry proposed artiﬁcial
designs that can achieve negative permeability. For the ﬁrst time, this brought Veselago’s idea
into reality and opened up the new ﬁeld of left-handed materials.
1.1 The Concept of Left-Handed Materials
The term ”left-handed material” (LHM) was ﬁrst introduced by Veselago [2] in 1968, who
predicted there exists such a medium in which the electric ﬁeld, E, the magnetic ﬁeld, H,
and the wave vector, k, form a left-handed orthogonal set. Left-handed materials (LHMs),
which in a wider sense, are also referred to as negative index materials (NIMs), simultaneously
have negative permittivity, , negative permeability, μ, and negative refractive index, n, over a
common frequency band. Let’s follow Veselago’s theoretical work and consider such a medium.
1.1.1 Theoretical prediction of left-handed materials
To investigate the electromagnetic properties of such a medium, it was ﬁrst studied how
the electromagnetic wave behaves when  < 0 and μ < 0. The source-free Maxwell equations
and the constitutive relations in an isotropic medium are
∇×E = −∂B
∂t
∇×H = ∂D
∂t
(1.1)
2and
B = μH
D = E. (1.2)
Looking for plane wave solutions, i.e., all ﬁelds are proportional to ei(kz−ωt), the equations in
(1.1) reduce to
k×E = ωμH
k×H = −ωE. (1.3)
It can be seen from Eq. (1.3) that when  < 0 and μ < 0, E, H and k form a left-handed
triplet of vectors. This is the reason that the medium is named as the left-handed medium.
The direction of the energy ﬂow is given by the Poynting vector,
S = E×H. (1.4)
The non-zero Poynting vector, always forms a right-handed coordinate system with E and H,
independent on the signs of  and μ. Therefore, in a left-handed material, the wave vector, k,
is in the opposite direction of the energy density ﬂow, S. Such a wave is called backward wave.
In contrast, in a normal right-handed material (RHM), the wave vector, k, and the energy
ﬂow, S, are in the same direction and the wave is a forward wave. The directions of E, H, and
k for both RHM and LHM are shown in Fig. 1.1.
Figure 1.1 (a) RHM, in which the E, H and k form a right-handed vector system, and
the wave vector k and energy density ﬂow S are in the same direction. (b)
LHM, in which the E, H, and k form a left-handed vector system, and the
wave vector, k, and energy density ﬂow, S, are in the opposite direction. .
The dispersion relation of an isotropic medium is given by
k2 = ω2μ. (1.5)
3In a lossless isotropic medium, where , μ ∈ R, a wave can either propagate or decay depending
on the signs of  and μ. When  · μ > 0, k = ω√μ, and the wave propagates; on the other
hand, when  · μ < 0, k = iω√|μ|, and the wave decays exponentially. Figure 1.2 shows a
plane of  and μ, divided into four quadrants, based on the signs of  and μ. The ﬁrst quadrant
contains the majority of dielectrics, where  and μ are positive. Substances with one negative
constitutive parameter are easy to ﬁnd in nature. For example, the plasma medium, such as
ionized gas or free electrons gas in metal, has negative  all the way up to the plasma frequency,
and belongs to the second quadrant. Materials such as ferromagnets and antiferromagnets can
have negative magnetic permeability near the ferromagnetic resonance and belong to the fourth
quadrant. However, left-handed materials, which belong to the third quadrant, do not exist
in nature. Until recently, artiﬁcial structures with simultaneous negative  and μ were
Figure 1.2  and μ coordinate system. Wave propagate in I and III quadrant, where
 · μ > 0 and attenuate in II and IV quadrant, where  · μ < 0.
proposed theoretically [3, 4] and investigated experimentally [5, 6] at microwave frequencies.
In these designs, the negative  and μ were realized separately by periodically arranging long
wires and split ring resonators (SRRs), respectively, and then the composite structures have
both negative  and μ over a common frequency band, and, therefore, have negative n as well.
Very recently, researchers have made a great deal of eﬀort on moving the working frequency
from microwave frequency all the way up to optical frequency.
41.1.2 Dispersive and dissipative natures of LHMs
The negative values of  and μ can be realized simultaneously, only if the material has
frequency dispersion. This can be seen immediately from the formula of the energy density of
non-dispersive media,
W = E2 + μH2. (1.6)
If  < 0 and μ < 0, the energy density, W , would be negative. When there is frequency
dispersion, i.e.,  = (ω) and μ = μ(ω), the total energy density is given by Ref. [7],
W =
∂(ω)
∂ω
E2 +
∂(μω)
∂ω
H2. (1.7)
The energy density is always positive if
∂(ω)
∂ω
=  + ω
∂
∂ω
> 0
∂(μω)
∂ω
= μ + ω
∂μ
∂ω
> 0. (1.8)
This clearly indicates that  and μ can be simultaneously negative, given the medium is fre-
quency dispersive and Eq.(1.8) is fulﬁlled. Therefore, a left-handed material must be dispersive.
Moreover, a medium with frequency dispersion is always dissipative. Following the causality
principal, the real and imaginary parts of the permittivity, (ω) = ′(ω) + i′′(ω), are related
by the Kramers-Kronig relations [7, 8]:
′(ω)
0
= 1 +
2
π
P
∫ ∞
0
ω′′′(ω′)/0
ω′2 − ω2 dω
′
′′(ω)
0
= −2ω
π
P
∫ ∞
0
′(ω′)/0 − 1
ω′2 − ω2 dω
′, (1.9)
where P stands for the principal value of the integration. The real and imaginary parts of
permeability, μ(ω) = μ′(ω)+ iμ′′(ω), obey the same relations. Since the imaginary parts of the
permittivity, the permeability and the refractive index always coexist with the real parts in
dispersive media, the left-handed material must be dissipative. A recent study [9, 10] shows a
lower limit of electric and magnetic losses in the left-handed material. If losses are eliminated
or signiﬁcantly reduced for any reason, including compensated by active (gain) media, then
the negative refractive will disappear.
51.1.3 Negative refraction
The reﬂection and the refraction of light at a plane interface between two media of diﬀerent
dielectric properties are familiar phenomena. The refractive angle, the transmission, and the
reﬂection coeﬃcients are determined by Snell’s Law and Fresnel formulas [8]. Many interesting
eﬀects happen at the interface, such as total internal reﬂection and the Brewster angle eﬀect.
Now, let’s consider the refraction that occurs at the interface between a right-handed
medium and a left-handed medium. Applying the boundary conditions for the electric and the
magnetic ﬁelds, and considering the consistency of the energy ﬂow across the interface, one
obtains negative refraction. Figure 1.3 shows the reﬂection and refraction of an s-polarized
EM wave at the interface between an RHM and an LHM. The relation between the refractive
Figure 1.3 The reﬂection and refraction of an s-polarized (with H in the plane given by
the incident rays and incident normal) EM wave at the interface between a
right-handed medium and a left-handed medium. The incident EM wave, k,
the reﬂect wave, k′, and the refractive wave, k′′, are shown.
angle, φ, and the incident angle, θ, is determined by Snell’s Law:
sin(φ)
sin(θ)
=
n2
n1
=
−√2μ2√
1μ1
, (1.10)
6where n1, 1, and μ1 are the refractive index, permittivity and permeability of the RHM,
respectively, and n2, 2, and μ2 are corresponding quantities for the LHM. According to the
boundary condition and energy ﬂow, we must choose the negative sign of the square root for
the LHM, i.e., n2 = −√2μ2 for the case 2 < 0 and μ2 < 0. The negative sign in Snell’s Law
Eq.(1.10) indicates the refractive wave undergoes the negative direction.
One may also notice in Fig. 1.3 that the wave vector of the refractive wave, k′′, heads toward
the interface, which indicates that the refractive wave travels along the backward direction.
On the other hand, the energy ﬂows away from the interface. Therefore, the energy velocity,
ve, is along the opposite direction of the phase velocity, vp.
1.1.4 Phase velocity, group velocity, and energy velocity
As mentioned previously, the phase velocity and the energy velocity are anti-parallel in
left-handed materials. In this section, we will discuss three velocities1: the phase velocity, vp,
the group velocity, vg, and the energy velocity, ve. We will show that both the group velocity
and the energy velocity are along the opposite direction of the phase velocity in LHMs [11, 12]
and the energy velocity is the same as the group velocity. Following the same deﬁnition as for
right-handed materials, the phase velocity in left-handed materials is given by
vp =
ω
|k| kˆ, (1.11)
where kˆ = k/|k| is the unit vector along k direction. The group velocity is deﬁned as vg =
∇kω = dωd|k| kˆ. Using the dispersion relation k = ωc0 |n|kˆ, one can obtain
vg =
vp
α
, (1.12)
where α = 1 + ωn
dn
dω , which has the same sign as n.
The energy velocity is given by ve = S¯/w¯ [13], where S¯ and w¯ are the time average Poynting
vector and time average power density, respectively. It can be shown that the energy velocity
has the following relation to the phase velocity
ve =
vp
α
. (1.13)
1Detail discussions are given by Appendix
7Eqs. (A.5) and (A.8) show the group velocity and the energy velocity are identical. In addition,
since α has the same sign as the refractive index, n, in left-handed materials, both the group
velocity and the energy velocity are in the opposite direction of the phase velocity.
1.2 Realization of LHMs
Although left-handed materials have been theoretically predicted and studied a few decades
ago, it was only recently that such materials were realized experimentally after Sir J. B. Pendry
proposed a split ring resonators (SRRs) design [4], which can provide negative permeability,
μ, around its resonance frequency, ωm. Together, with a continuous wires array [3] which gives
negative permittivity, , up to the plasma frequency, ωp, due to the plasmas response, the
composite structure, SRRs plus wires give a negative refractive index, n.
1.2.1 Negative permittivity medium and negative permeability medium
In left-handed materials, negative permittivity and negative permeability can be realized
separately. As discussed in section 1.1.1, negative permittivity materials exist in nature.
Plasma media, e.g., all the metals, have negative permittivity up to the plasma frequency.
However, the usage of solid metal in LHM is limited by the fact that the absolute value of the
negative  is too large at the target frequency, i.e., from microwave to optical frequency. So,
one must determine a method to scale the value of  to a reasonable value on the order of −1.
Usually the permittivity of a metal can be described by the Drude model [8],
(ω) = 1− ω
2
p
ω(ω + iωc)
, (1.14)
where ωc is the damping frequency, and ωp is the plasma frequency given by
ω2p =
ne2
0meﬀ
, (1.15)
where n is the electron density and meﬀ is the eﬀective mass of free electrons.
Plasma frequency is extremely high in metals, e.g., silver has ωp = 2π × 2184 THz and
ωc = 2π×4.35 THz. As a result, the absolute value of permittivity is extremely large, Re() <
−108, and, therefore, not suitable for LHM. Pendry proposed a wire array design, which
8can signiﬁcantly decrease the plasma frequency and realize negative permittivity  ≈ −1 at
microwave frequencies. Moreover, the value of  and the frequency are completely controllable
via the geometrical parameters [3]. As shown in Fig. 1.4(a), the wire array structure consists
of periodically arranged ”inﬁnite” long wires with separation, a, and radius, r. The eﬀective
permittivity of wire arrays is similar to the permittivity in bulk metal, except the plasma
frequency is much lower. As shown in Fig. 1.4 (b), the real part of permittivity, Re((ω)),
is negative under the plasma frequency, ωp, which falls in the region that can be utilized in
left-handed materials.
0.5 1 1.5 2 2.5
-3
-2
-1
0
1
ω/ωp
ε
(ω
)
a
a
r
(a) (b)
Figure 1.4 (a) The metallic wire arrays with radius of wire r and separation between
wires a. (b) The real part of the permittivity, Re((ω)), as a function of the
frequency, ω/ωp. Re((ω)) increases with frequency from negative values at
low frequency and crosses over zero at the plasma frequency, ωp.
Two eﬀects contribute to the decrease of the plasma frequency of the wire array [3]. First,
the eﬀective electron density is signiﬁcantly diluted, due to the factor that the volume occupied
by the metallic thin wire is much less than the vacuum space. The eﬀective electron density
can be obtained by the ratio of the volume of the metal and the vacuum, neﬀ = nπr2/a2. On
the other hand, due to self-inductance of the thin wires, the motion of the electrons slowed
down. The magnetic ﬁeld energy, which is proportional to ln(a/r), corresponding to this self-
inductance equivalently increases the eﬀective mass of electrons substantially. Combining those
9two eﬀects, the plasma frequency, ωp, of the wire array is signiﬁcantly lower than for the bulk
metal. The plasma frequency, ωp, of the wire array is given by
ω2p =
2πc20
a2 ln(a/r)
. (1.16)
One can see that the plasma frequency, ωp, only depends on the radius of wire, r, and the lattice
constant, a. By changing these geometric parameters, one can control the plasma frequency
and therefore control the value of the permittivity.
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Figure 1.5 (a) The split ring resonator arrays (SRRs) with repeating distance, a. (b)
Single unit cell of the SRR with geometric parameters given as following:
radius of inner ring, r, the ring width, w, the gap between inner and outer
ring, d, and the gap on the inner and outer ring, g1 and g2.
Although negative permittivity can be realized by plasma medium such as metallic struc-
tures, one cannot achieve the negative medium, due to the fact that no material exists in nature
with negative permeability. Subsequently, Pendry proposed a split ring resonator (SRR) design
[4], which can provide a narrow frequency band with negative permeability under certain po-
larization of incident EM wave. As shown in Fig. 1.5(a), the SRR arrays consist of periodically
arranged arrays of double split ring structures, made from good conductors such as copper,
with the lattice constant, a. Figure 1.5(b) shows the single unit cell of the SRRs. If we apply
an incident EM wave with a magnetic ﬁeld, H, perpendicular to the plane of SRR, circular
currents will be induced on both the inner and outer rings, and also charges will accumulate
across the gaps in both the inner and outer rings, respectively. Thus, each individual SRR acts
as a series LRC circuits with the inductance, L, of the rings and the capacitance, C, between
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the two rings. The eﬀective permeability, μeﬀ , can be approximated as,
μ = 1− Aω
2
ω2 − ω2m + iωΓm
, (1.17)
ωm =
3ac20
π ln 2wd r
3
,
Γm =
2aσ
rμ0
,
A =
πr2
a2
,
where μ0 is the permeability in vacuum; ωm and Γm are the resonance frequency and the
damping factor, respectively. Both ωm and Γm are functions of the geometric parameters, a,
w, d, and r, and the conductivity, σ, of the metal. Figure 1.6 shows the eﬀective permeability
of SRRs array as a function of the frequency. Negative values of μ are achieved within a narrow
frequency band above the resonance frequency, ωm.
Figure 1.6 The real part (red solid) and the imaginary part (blue dashed) of the permit-
tivity, μ(ω), are functions of the frequency, ω/ωm, where ωm is the resonance
frequency.
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1.2.2 Eﬀective medium theory
The wire and SRR arrays possess negative permittivity and negative permeability, respec-
tively. Can we use these designs to obtain a negative permittivity and negative permeability
medium? To answer this question, let us recall the concept of permittivity and permeability.
The original objective in deﬁning permittivity, , and permeability, μ, is to present a homo-
geneous view of the electromagnetic properties of a medium. The macroscopic electric and
magnetic properties of a material, e.g., polarization and magnetization, are average behav-
iors of electrons and atoms in the external electric and magnetic ﬁelds of EM waves. In this
sense, the normal materials are also composites, where the individual ingredients are atoms
and molecules. The sizes of these ingredients are much smaller than the wavelength of EM
waves.
So, we can consider periodic structures, deﬁned by a unit cell with dimension, a, as a
homogenous medium. The total EM properties of structures inside a unit cell will be considered
as an eﬀective response of the unit cell as a whole. Clearly, there must be some restrictions on
the dimension of the unit cell, deﬁned as follows:
a λ, (1.18)
If this condition is obeyed, the external EM wave will not ”see” the ﬁne details of each individual
structure inside the unit cell, and the periodic structure can be considered as a homogenous
medium. So, the eﬀective permittivity and permeability are valid concepts. On the contrary,
if this condition is not fulﬁlled, the internal structure of the unit cell could diﬀract and refract
EM waves, which leads to material properties not seen in homogenous media.
1.2.3 Experimental realization of LHM
To obtain a substance with both negative electric permittivity and negative magnetic per-
meability simultaneously, a composite structure combining the long wire arrays and SRR arrays
was proposed. Assuming these two structures will not interfere with each other, the composite
structure will preserve both the negative permittivity from wires and negative permeability
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Figure 1.7 a) The composite LHM employed by Smith et al., which consists of SRRs,
created by lithography on a circuit board, and metallic posts. b) The trans-
mission coeﬃcient of wires only (black), SRRs only (blue), and both wires,
and SRRs (red). By adding the wire and SRRs together, a passband occurs
where  and μ are both negative.
from SRRs, and, therefore achieves a negative refractive index. The experimental demonstra-
tion of such a left-handed material was ﬁrst accomplished by Smith et al. [5] in 2000 using the
design shown in Fig. 1.7(a). In this work, the transmission of wire arrays alone, SRR arrays
alone, and the combination of wire and SRR arrays were measured. As shown in Fig. 1.7(b),
the stopband of the SRR structures caused by a magnetic resonance with the negative perme-
ability, μ, disappeared when the wires arrays were added. Instead, a passband existed, where
the eﬀective permittivity, , and the eﬀective permeability, μ, are both negative. Later on, var-
ious new LHM samples were fabricated and conﬁrmed the existence of left-handed materials
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. The negative refraction was demonstrated by a
two-dimensional left-handed medium shaped like a prism [6, 26]. In this experiment, a beam of
microwaves was directed onto the ﬂat surface of the prism, passed the LHM prism undeﬂected,
and then refracted at the second surface of the prism. The refractive angle of the transmitted
beam through the prism was measured. It was shown that the refractive beam bent toward
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the ”wrong” direction. The measured refractive angle was consistent with Snell’s Law when n
was assumed to be negative. Further experiments were performed by other groups [17, 21, 26],
who conﬁrmed this composite metamaterial design indeed exhibits left-handed behavior.
1.3 Characterization of Left-Handed Materials
In left-handed materials, negative permittivity and negative permeability are realized sepa-
rately by wire arrays and SRR arrays, respectively. The composite metamaterials consisting of
both wires and SRRs possess left-handed behavior. In early experiments, the transmission, T ,
of wires alone, T of SRRs alone, and T of the composite structure were measured. If a peak in
the transmission of the composite structure was observed in the stopband for the wires alone
and for the SRRs alone, then the peak was considered to be the left-handed peak. This is
under the assumption that the wires and SRRs in the composite structures behave in the same
manner as the medium consisting of wires alone or SRRs alone. However, this assumption is
not always true. It has been shown that the eﬀective plasma frequency, ω′p, in the composite
materials is substantially lower than the plasma frequency of the wires, ωp [27]. If the eﬀective
plasma frequency, ω′p, is lower than the magnetic resonance frequency, ωm, then the peak in
the transmission considered to be the left-handed peak is actually the right-handed peak with
both  > 0 and μ > 0. So, the transmission responses are not suﬃcient to distinguish the left-
handed and the right handed behavior. There is a need to calculate the eﬀective parameters
explicitly.
In order to obtain the eﬀective electromagnetic parameters of LHM, i.e., the eﬀective per-
mittivity,  and the eﬀective permeability, Smith et al. proposed a retrieval procedure [28].
The idea was to model the metamaterial as an isotropic homogeneous slab, and calculate the
eﬀective parameters,  and μ, of the homogenous slab, from the measured or simulated meta-
material transmission, T , and the reﬂection, R, by using the theoretical formulas for the slab.
The resonance behavior of the retrieved permeability and the negativeness of the retrieved
permittivity were observed for the composite structure consisting of wire array and SRR array.
However, further numerical studies showed the eﬀective parameters diﬀer considerably from
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the theoretical prediction of Eqs. (1.14) and (1.17), respectively. The resonance/anti-resonance
coupling was found in the extracted eﬀective parameters [28, 29, 30, 31, 32]. The anti-resonance
structure in the real part was accompanied by a negative imaginary part [31, 32]. In addition,
truncated resonances were observed. These eﬀects were interpreted as a periodicity eﬀect, due
to the periodic property of metamaterials [33]. Later on, the retrieval procedures for inhomo-
geneous metamaterials [34] and bi-anisotropic metamaterials [35] were studied for the case of
asymmetric structures along the propagation direction of the EM wave and for a few special
polarizations of SRRs, respectively.
1.4 The Development of LHM from Microwave Frequency to the Optical
Regime
Since the ﬁrst demonstration of an artiﬁcial left-handed material at microwave frequency
[5] in 2000, researchers have made a great deal of eﬀort on pushing operating frequency of
LHM from microwave frequency all the way up to the optical regime. Figure 1.8 shows the
progress of LHM developing from microwave frequency to optical regime [1].
By scaling down the geometric sizes of SRRs from a few millimeters to the order of one
hundred nanometers, researchers from diﬀerent groups have successfully fabricated and demon-
strated the magnetic response of SRR structures operating at 1 THz [36], 2 THz [37], 100 THz
[38], and 200 THz [39]. Due to substantial technical diﬃculties, the measurement of the trans-
mission coeﬃcient, T , of parallel incident EM wave with respect to the SRR plane is not real-
izable for micron and nanometer scale structures. Therefore, in most of the THz experiments,
only a single layer of SRR structure was made and T was measured for the normal incidence of
EM wave, utilizing the property of the electric coupling to magnetic resonance (EEMR) [40].
Using this approach, an electric resonance was observed at the magnetic resonance frequency,
ωm, and the existence of magnetic resonance was demonstrated indirectly.
At low frequency regimes, up to several THz, the magnetic resonance frequency scales re-
ciprocally with respect to the structural size. At high frequencies, however, this linear scaling
breaks down, due to the free electron kinetic energy [41, 42], negligible at low frequencies.
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Figure 1.8 The progress in the negative permeability, μ, and negative index, n, materials
development in the last seven years. The solid symbols denote n < 0; the open
symbols denote μ < 0. Orange: data from structures based on the double
split-ring resonator (SRR); green: data from U-shaped SRR; blue: data from
pairs of metallic short-wire pair; red: data from the ”ﬁshnet” structure. The
four insets give pictures of fabricated structures in diﬀerent frequency regions.
Reprinted with permission from Ref. [1]. Copyright (2007) AAAS.
Above the linear scaling regime, the resonance frequency saturates, while the amplitude of the
resonance permeability decreases, and ultimately ceases to reach a negative value. Because of
the breakdown of the linear scaling, it is more diﬃcult to increase the resonance frequencies.
Much smaller geometric sizes and more complicated topologies, such as multiple gap SRRs are
needed. For instance, the smallest SRR so far with the resonance frequency at 200 THz, has
a width w=50 nm, which already reached the limit of current available nano-fabrication tech-
nique. Thus, researchers must look for alternative designs suitable for THz and optical regimes.
The short wire pair designs were realized and published independently by two diﬀerent groups
in 2005 [43, 44, 45]. These designs show that pairs of metallic wires, separated by a dielectric
spacer, can provide magnetic resonance and negative μ. The magnetic resonance originates
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from the anti-parallel currents in the wire pairs and the opposite sign charges accumulated at
the corresponding ends. For the short wire pair design, the incidence of EM waves is normal
to the sample surface, which is much easier to implement experimentally in the optical regime
compared to the parallel incidence for the conventional SRRs and wires.
In addition, the short wires also support electric resonance with  < 0, which results from
the parallel current in the wires. Although short wire pairs can provide both the magnetic
resonance and the electric resonance, overlapping these resonances is very diﬃcult [46]. In
order to obtain a left-handed material, additional structures providing negative permittivity
are needed. One method is to introduce extra continuous wires next to the pairs [45], and
another method is to change the shape of the wires. A ﬁshnet structure was introduced
[47, 48], realizing both  < 0 and μ < 0 at infrared frequencies and later on in the optical
regime [49]. The ﬁshnet structure consists of double layers of inﬁnite long metallic wire arrays
along two orthogonal directions spaced by a dielectric spacer. The wires along the magnetic
ﬁeld, H, direction act as a magnetic resonator, providing negative permeability, μ, due to anti-
parallel currents induced by the magnetic ﬁeld of the incident electromagnetic wave. The wires
along the electric ﬁeld, E, direction of the incident electromagnetic wave excite the plasmonic
response and produce negative permittivity . The ﬁshnet and the short wire pair structures
have intrinsic relationship with the SRRs. The transformation from the two-gap SRR to the
short-wire pair and the ﬁshnet structure have been studied in Ref. [46]. The ﬁshnet structure
was considered as the best LHM design in the optical regime, and a few variants of ﬁshnet
structures were studied in Refs. [50, 51].
1.5 Losses of LHM
Although recent development has realized left-handed materials in the optical regime, the
current designs at high frequencies have many unsolved problems, which have limited their
potential applications. Most importantly, both experiment and simulation results show that
losses increase as the frequency increases.
In Fig. 1.9, the transmission loss of the existing metamaterials is presented in the unit of
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Figure 1.9 Transmission loss, in the unit of dB/λ versus frequency for all the existing
experimental structures that show a negative n. Orange: data from structures
based on the double split-ring resonator (SRR); green: data from U-shaped
SRR; blue: data from pairs of metallic cut-wires; red: data from the ”ﬁshnet”
structure. The symbols correspond to data shown in Fig. 1.8
dB/λ versus frequency [52]. The symbols in Fig. 1.9, from low to high frequency, correspond
to experimental studies of LHM from microwave frequency to optics regime in Refs. [25, 51, 15,
6, 45, 53, 54, 55, 40, 56, 48, 49]. One can see clearly that the losses at low frequencies are small
(of the order of 1-5 dB/λ). As the frequency increases, the loss increases, almost approaching
30 dB/λ. The loss was calculated from the experimental transmission values, measured for a
given structure thickness. Another factor to measure loss, namely the ﬁgure of merit (FOM), is
the ratio of real and imaginary parts of the refractive index, |Re(n)/Im(n)|, which drops from
the order of 100 for SRRs at microwave frequency to 0.5 for the ﬁshnet structure at optical
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frequency [49, 57]. So, loss becomes a serious problem, limiting the potential applications
of metamaterials such as the perfect lens [58, 59]. Therefore, we need to reduce the losses,
especially at high frequencies.
One way to reduce loss is to use good conductors because losses in the LHM are dominated
by metal losses. Silver exhibits the lowest losses at optical frequencies, due to the low damping
frequency, ωτ . Therefore the use of silver [56] instead of gold [48, 44, 47] will reduce the losses
at similar frequencies. On the other hand, it is shown that the losses are closely related to the
eﬀective inductance, L, and the eﬀective capacitance, C, in the RLC model of LHM. Increasing
the eﬀective inductance to capacitance ratio, L/C, will reduce the losses and increase the FOM
substantially [60]. Using active medium [61] or active circuit parts [62] in the LHM design to
compensate the loss was also proposed.
1.6 Chiral Metamaterials
Recently, chiral metamaterials were proposed as an alternative to realize negative refractive
index [63, 64, 65]. Chiral metamaterials are metamaterials made of unit cells without symmetry
planes. The unit cell size in a chiral metamaterial can be much smaller than the wavelength. It
has been shown that backward waves exist in chiral media [63, 65]. A chiral material slab can
focus the incident EM beams and can be used as a perfect lens [66, 67]. Canonical helix [65]
and twisted Swiss-role metal structures [64] for microwave applications have been discussed
as possible candidates to achieve negative refractive index. Later, the bilayer rosette shaped
chiral metamaterial was proposed and fabricated at microwave frequency [68] and at optical
regime [69, 70, 71]. It exhibited a very strong rotary power in the microwave, near-infrared
and visible spectral ranges. For example, in the microwave spectral region, in terms of rotary
power per wavelength, the bilayer structure rotates ﬁve orders of magnitude stronger than a
gyrotropic crystal of quartz [68]. It has been shown that the strong gyrotropy originates from
the magnetic resonance of the bilayer metallic structure, resulting from the anti-parallel current
in the bilayer metal wires [72]. In this sense, the bilayer chiral structure is the chiral version
of the material consisting of short wire pair [43, 45, 44]. Later, planar chiral structure [73, 74]
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and chiral photonic crystal [75] were proposed and fabricated. More recently, a chiral SRR
consisting of double layers of SRRs was proposed and expected to provide negative refractive
index [76].
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Figure 1.10 Chiral metamaterial designs. (a)Canonical helix; (b) Twisted Swiss-role
metal structure; (c) Bilayer rosette structure (d) Chiral SRRs.
The chiral metamaterial can be modeled as a reciprocal bi-isotropic medium and the con-
stitutive equation is given by⎛
⎝D
B
⎞
⎠ =
⎛
⎝ 0 −iκ/c0
iκ/c0 μ0μ
⎞
⎠
⎛
⎝ E
H
⎞
⎠ , (1.19)
where 0, μ0, and c0 are the permittivity, permeability, and the speed of light in vacuum,
respectively. Assuming exp(−iωt) time dependent, the eigen solution of electromagnetic wave
in bi-isotropic media is circular polarized plane waves, and the polarization is either left-handed
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circular polarized (LCP) or right handed polarized (RCP). The refractive indices for LCP and
RCP are given by [77, 78]
n± =
√
μ± κ, (1.20)
where (+) and (−) denote RCP and LCP. Both LCP and RCP have the same impedance given
by z/z0 =
√
μ/, where z0 is the impendence of the vacuum.
From Eq. (1.20), one can immediately see that n < 0 for one of the polarizations if κ is
large enough such that
√
μ < κ. It has been shown that the polarization azimuth rotation,
θ, shows the rotary power is proportional to the chiral parameter, κ. Speciﬁcally, θ = κk0d,
where k0 and d are the wave vectors in a vacuum and the thickness of the bi-isotropic slab.
Thus, the chiral materials with large rotary power, such as the bilayer structures and chiral
SRRs, possibly possess the negative refractive index. Very recently, the negative refractive
index has been conﬁrmed experimentally by using the bilayer rosette structures [79].
1.7 Conclusions
Left-handed materials have brought signiﬁcant impact to the ﬁeld of physics, engineering,
and material sciences. These materials can exhibit exotic phenomena that cannot be obtained
with natural materials, such as perfect lensing and cloaking. Since such materials were ﬁrst
realized seven years ago, intense theoretical, computational, and experimental studies have
been devoted to this ﬁeld. Researchers from diﬀerent groups made great eﬀorts and managed
to build LHM from microwave frequencies up to the optical regime. New designs, such as the
short wire pairs and the ﬁshnet, were proposed and realized. Nowadays, new topics, such as
nonlinear metamaterials, active metamaterials, and chiral metamaterials, etc., have become
subjects under investigation.
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CHAPTER 2. ELECTROMAGNETIC PROPERTIES OF SPLIT-RING
RESONATORS
The split-ring resonator (SRR) is the common constituent to provide magnetic response in
metamaterials. Before we start our journey of left-handed materials, we should ﬁrst study the
electromagnetic properties of SRRs. Next, we will show the electric and magnetic response
of SRRs of incident EM waves under diﬀerent polarizations. We will discuss the retrieval
procedure, which allows us to extract the eﬀective parameters,  and μ, from the transmission
and the reﬂection coeﬃcients. Finally, we will show the breakdown of the linear scaling property
of SRRs, which will cause trouble in bringing the operating frequency of SRRs up to the optical
regime. Therefore, there is a need to search for alternative designs suitable for the optical
regime.
2.1 Electric and Magnetic Response of SRRs
In 1999, Pendry et al. [4] suggested a design made of two concentric metallic rings with
gaps, called split ring resonators (SRRs), which exhibit a μ < 0 around the magnetic resonance
frequency ωm. Immediately after, Smith et al. [5] fabricated the ﬁrst negative index material
at GHz frequencies. Theoretical and experimental studies [80, 37, 40] have proven that an
eﬀective SRR can be built from a single-ring design, exploiting only the capacitance across and
near the gaps. This simpliﬁes fabrication, especially for small structural sizes, and potentially
reduces dielectric losses, since the ﬁelds get strong only in and around the gaps but not between
the rings. Later, the U-shaped SRRs design was proposed and investigated at 200 THz [39],
which has a smaller capacitance, and, therefore, is able to work at higher resonance frequency
compared to the traditional SRRs design.
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We systematically studied the electric and the magnetic resonance responses of single ring
U-shaped SRRs for diﬀerence polarizations of incoming EM waves. The eﬀective electric per-
mittivity, , and the magnetic permeability, μ, will be extracted by the retrieval procedure
[28, 34, 33]. In addition, the current distribution along the sides of the U-shaped SRR will be
shown.
The SRR in its simplest form consists of a highly conductive metallic ring broken in one
(or several) location(s) by a non-conductive gap of air or other dielectric materials. If this ring
is placed in a temporally varying magnetic ﬁeld, an electric circular current is induced in the
metallic ring, which, in turn, leads to charge accumulation across the gaps. Due to the charge
at the gap, the electric ﬁeld which builds counteracts the circular current, leading to energy
stored in the vicinity of the gaps and magnetic ﬁeld energy concentrated in the region enclosed
by the ring. Thus, the SRR is a resonator which couples to a perpendicular magnetic ﬁeld and
can be characterized by the eﬀective capacitance of the gaps and eﬀective inductance of the loop
deﬁned by the ring. It can be understood in terms of a resonant LC circuit with a resonance
frequency ω2m = 1/LC, where L is the inductance and C is the capacitance of the SRR. The
resonant response of the circular current in the SRR to an external magnetic ﬁeld leads to a
resonant magnetic moment, which may reach large negative values for an array of SRRs. If
the size of the SRR is much smaller than the wavelength of an incident electromagnetic wave
around the resonance frequency, the SRR array behaves as a homogeneous eﬀective medium
with negative (resonant) permeability μeﬀ(ω).
2.1.1 EM response of SRRs in three polarizations
Our numerical simulations are completed with CST Microwave StudioTM (Computer Sim-
ulation Technology GmbH, Darmstadt, Germany), which uses a ﬁnite-integration technique,
and Comsol MultiphysicsTM, which uses a frequency domain ﬁnite element method. The
schematic of the periodic U-shaped SRRs arrays and the geometry of a single unit cell used in
our numerical simulations are shown in Fig. 2.1(a) and (b), respectively. The SRRs exhibit
diﬀerent responses to the incident electromagnetic (EM) wave with respect to diﬀerent conﬁg-
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Figure 2.1 (a) Schematic of periodically arranged U-shaped SRR arrays; (b) A single unit
cell with geometrical parameters; (c) three diﬀerent conﬁgurations of incident
electric ﬁeld, E, magnetic ﬁeld, H, and wave vector, k.
urations of the incident electric ﬁeld, E, magnetic ﬁeld, H, and wave vector, k, as shown in
Fig. 2.1(c). First, it is well know that the incident EM wave excites a magnetic resonance at
ωm [4, 81, 82, 83, 84, 1], if the external magnetic ﬁeld, H, is perpendicular to the SRR plane
and the wave vector, k, is parallel to the SRR plane (Fig. 2.1(c.i)). Second, further study
reveals that the incident EM wave with k perpendicular to the SRR plane and E parallel to
the bottom part of SRR (Fig. 2.1(c.ii)) also excite a magnetic resonance at ωm [40]. This
magnetic resonance results from a circular current induced by the external electric ﬁeld, E,
because of the asymmetry of the SRR in the direction of E, and, therefore, was called the
electric excitation coupling to the magnetic resonance (EEMR). The EEMR is very valuable
for the experimental demonstration of the magnetic resonance at optical frequencies, because
it is very diﬃcult to measure the transmission and reﬂection with the incident EM wave par-
allel to the SRR plane at high frequencies [36, 38, 39, 37, 40]. Third, the SRRs also exhibit a
short-wire-like electric resonance [27] at ω0 with the incident electric ﬁeld, E, parallel to the
side part of SRRs (Fig. 2.1(c.iii)). The electric resonance frequency ω0 depends on the length
of the side part of SRRs, ly, being higher for shorter ly.
The transmission spectra for these three cases are shown in Fig. 2.2. All these responses
result in dips in the transmission, which indicate a resonance at the corresponding frequencies.
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Figure 2.2 Transmission spectra for the magnetic resonance (red solid), the electric ex-
citation coupling to the magnetic resonance (EEMR) (blue dashed) and the
short-wire-like resonance (green dotted) of USRRs. The geometric parame-
ters are ax = ay = 1 μm, az = 0.2 μm, lx = ly = 0.8 μm, w = 0.1 μm and
t = 0.05 μm.
One can see that the magnetic resonance and the EEMR occur roughly at the same frequency,
fm ≈55 THz, while the short-wire-like electric resonance happens at a much higher frequency,
fe ≈130 THz.
Using the retrieval procedure [28, 34, 33], we calculated the eﬀective permittivity (ω) and
permeability μ(ω), both the real and the imaginary part, from the simulated transmission,
T , and reﬂection, R. Figure 2.3 shows the extracted real part of the eﬀective permittivity
Re((ω)) and permeability Re(μ(ω)) for three diﬀerent polarized incident EM waves as shown
in Fig. 2.1(c). As expected, the magnetic resonance, measured by μ (red solid), occurs around
ωm = 55 THz. The EEMR gives a similar resonance for  (blue dashed) at roughly the same
frequency, which indicates the response is due to the electric coupling of the incident EM wave
to SRR. At a higher frequency, ω0 = 135 THz, the short-wire-like electric resonance of the
SRR occurs, given by the resonance behavior of  (green dotted). Due to the periodicity eﬀect,
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whenever a magnetic resonance occurs in Re(μ), an electric anti-resonance will be seen in Re()
simultaneously and vice versa [33, 32]. The periodicity eﬀect becomes more noticeable as the
Figure 2.3 Extracted eﬀective permittivity Re((ω)) (a) and eﬀective permeability
Re(μ(ω)) (b) for the magnetic resonance (red solid), the electric excitation
coupling to the magnetic resonance (EEMR) (blue dashed) and the short-
-wire-like resonance (green dotted) of USRRs. The geometric parameters are
ax = ay = 1 μm, az = 0.2 μm, lx = ly = 0.8 μm, w = 0.1 μm and t = 0.05 μm.
wavelength of the EM wave is comparable with the lattice constant of the SRR lattice. For the
magnetic resonance (red solid), the lattice constant, ax = 1 μm, in the propagating direction
along the wave vector, k, is comparable to the resonance wavelength, λm = 5.45 μm; hence, a
strong distortion in the negative part of resonance in Re(μ) and a signiﬁcant anti-resonance in
Re() can be observed. On the other hand, for the EEMR, the lattice constant, ax = 0.2 μm,
is much smaller than λm, so the periodicity eﬀect is much weaker and, therefore, a sharp
resonance in Re() (blue dashed) with a weak anti-resonance in Re(μ) occurs.
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Figure 2.4 Distribution of the perpendicular component of the surface electric ﬁeld (color
scale; red positive, blue negative) and the bulk current density (arrows) for the
three resonance coupling of the SRR. The SRR metal is described by a Drude
model for gold (fp = 2175 THz, fτ = 6.5 THz), the geometry parameters
are: ax = ay = 1 μm, az = 200 nm (unit cell size), lx = ly = 800 nm (arm
length), w = 100 nm, t = 50 nm (ring width and thickness, respectively).
The current distributions are shown temporally π/2 phase shifted against the
charge distribution.
2.1.2 Current modes of SRRs
Figure 2.4 shows the distribution of the current and the charge density for the three reso-
nant modes of a U-shaped SRR. The current density is obtained directly from the simulation
results, and the charge density is related to the perpendicular electric ﬁeld at the surface of
the metal. All ﬁelds are time harmonic; the current distributions are shown temporally π/2
phase shifted against the charge distribution. Figure 2.4(a) shows the magnetic resonance for
parallel incidence to the SRR with the magnetic ﬁeld coupling to the SRR, which induces a
circular current with charges of the opposite sign accumulating at the ends of the side arms of
the SRR. Since the magnetic ﬁeld is perpendicular to the SRR plane, we expect a symmetric
current with respect to the center axis of the SRR along the y-direction. However, one can see
that the current density in the two side arms is not symmetric. This is due to the fact that the
incident electric ﬁled polarizes two side arms of the SRR and results in linear currents. The
total current shown in Fig. 2.4(a) is the superposition of the circular current induced by the
magnetic ﬁeld and the linear current caused by the electric ﬁled and, therefore, shows asym-
metry. The circular current generates a magnetic moment. Figure 2.4(b) shows the EEMR
27
resonance for normal incidence to the SRR with the electric ﬁeld breaking the symmetry of
the SRR and, thus, we have coupling to the ”magnetic” resonance [40]. The surface electric
ﬁeld distribution is qualitatively equivalent to the pure magnetic coupling in Fig. 2.4(a), which
case is hard to realize experimentally at high THz frequencies. Unlike the magnetic resonance,
only circular current is excited by the electric ﬁeld in the EEMR, so the current distribution
shows very good symmetry. The electric excitation of EEMR occurs via the polarization of
the bottom arm of the SRR (by the electric ﬁeld of the incident EM wave). Similar as the
magnetic resonance, the EEMR also lead to a magnetic moment coming from the circular
currents ﬂowing along the three arms.
For the other polarization shown in Fig. 2.4(c), (normal incidence to the SRR with the
electric ﬁeld along the symmetry axis of the SRR), we see a short-wire-like resonance. The
current distribution has a mirror symmetry with respect to the center axis of the SRR along the
y-direction, and thus cannot have a magnetic moment. However, the short-wire-like resonance
does possess an electric dipole moment in the E-direction, i.e., along the two parallel arms of
the SRR, and represents a purely electric response of the SRR.
Figure 2.5 Current distribution for the EEMR response (blue) and the short-wire-like
response (red).
Figure 2.5 shows the distribution of the total current (current density, J, integrated over
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the cross-section of the SRR ring) over the arc length around the SRR ring for the EEMR and
the short-wire-pair-like resonance, respectively. We clearly see the magnetic resonance has a
λ/2 current mode over the whole length of the SRR, while the short-wire-like resonance has a
full λ current mode.
2.1.3 Electric and magnetic moments of SRRs
We also studied the electric moment and the magnetic moment for the electric excitation
of the magnetic resonance (EEMR) and the short-wire-like resonance of the U-shaped SRRs
with diﬀerent length of two parallel side arms, ly. The electric moment is calculated by
the integration of the diﬀerence between the electric displacement, D, and vacuum electric
displacement, 0E, over the volume of the whole unit cell.
p =
∫
(D− 0E)dr3,
Then the electric polarization, normalized by incident electric ﬁeld, E0, P = p/(V E0) is
shown in Figs. 2.6(a) and 2.6(b) for the EEMR and the short-wire-like response of the SRRs,
respectively. It is clearly seen that the electric resonances generate strong electric moments.
In Fig. 2.6(a), the electric polarization, Px, decreases as the length of two parallel arms, ly,
decreases, because the EEMR response becomes weaker and ﬁnally disappeared as the length,
ly, close to zero (green dotted curve). However, the electric polarization, Px, does not vanish
in the limiting case of ly = 0, (green dotted curve), because the EEMR degenerates to the
short-wire-like electric resonance of the bottom arm of the SRR, which results in the non-zero
electric polarization. The polarization density along the y-direction, Py, of the short-wire-like
resonance of the SRR (Fig. 2.6(b)) with the incident electric ﬁeld E parallel to the side arms
of the SRR, also decreases and shifts to higher frequencies as ly decreases.
The magnetic moment is calculated by employing the formula:
m =
−iω
2
∫
r × (D− 0E)dr3.
In Fig. 2.7(a), we show the magnetic moment, normalized by the magnetic ﬁeld of the
incident EM wave, H0, Mz = mz/(V H0), and in Fig. 2.7(b), the extracted permittivity, Re(),
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Figure 2.6 Magnitude of the normalized polarization density, P , of the U-shaped SRRs
with ly = 0.8 μm (red solid), 0.4 μm (blue dashed) and 0.11 μm (green dotted),
respectively. (a) Px component as E parallel to the bottom part of SRRs. The
other two components Py and Pz are nearly zero; (b) Py component as E is
parallel to the side part of SRRs. The other two components Px and Pz are
nearly zero. The polarizations of the incident EM wave are shown as the
insets in the panels (a) and (b).
for the magnetic resonant modes of the SRR as a function of frequency for three diﬀerent
U-shaped SRRs with diﬀerent lengths of the two parallel arms, ly. It is clearly seen that the
magnetic resonance provides a strong magnetic moment at frequency ωm, but the magnetic
moment is non-zero at frequency above ωm, due to the contribution of higher order excitations.
As one expects, reducing the length of the parallel arms reduces the magnetic moment. It also
shifts the magnetic resonance to higher frequencies. This is a combined eﬀect of the shortened
arc length and reduced the geometric loop inductance. In the limit of only the bottom arm
left (i.e. a straight rod) the magnetic response vanishes (green dotted curve), and no magnetic
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Figure 2.7 (a) Magnitude of the normalized magnetization, Mz, and (b) the extracted
permittivity, Re(), of the U-shaped SRRs with the length ly = 0.8 μm (red
solid), 0.4 μm (blue dashed) and 0.11 μm (green dotted), respectively. The
polarizations of the incident EM wave are shown as the insets in the panel
(a). The short-wire-like resonance with incident EM wave polarized as shown
in Fig. 2.1(c.ii) has zero magnetic moment, and, therefore, is not shown here.
response is seen. In this limiting case, the resonance in Re() still exists, a result of the electric
resonance of the bottom arm of SRR. Note, the magnitude of the resonance in Re() decreases
much slower than the magnetic moment does as the arm length, ly, decreases. The reason is
the magnetic moment, mz, resulting from the circular current ﬂowing in the loops of the SRR,
vanishes immediately as the side arms disappear, but the resonance in Re() always exist as
long as the short-wire-like electric resonance exists, shown in Fig. 2.4(c) in the bottom part
of the SRR. However, as shown in the green curve of Fig. 2.7(a), this short-wire-like electric
resonance cannot provide any magnetic moment.
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The short-wire-like resonance with the propagating direction of the incident EM wave
perpendicular to the SRR plane and the electric ﬁeld, E, parallel to the side arms of the SRR
(Fig. 2.1(c.ii)), has no magnetic moment.
2.2 Retrieval procedure
Smith et al. proposed a retrieval procedure [28] to obtain the eﬀective electromagnetic
parameters of LHM, i.e., the eﬀective permittivity,  and the eﬀective permeability. The idea
was to model the metamaterial as an isotropic homogeneous slab, and to calculate the eﬀective
parameters, , and μ of the homogenous slab, from the measured or simulated metamaterial
transmission, T , and the reﬂection, R, by using the theoretical formulas for the slab. For an
isotropic homogeneous slab in a vacuum space, the transmission, t, and reﬂection, r, have the
following relation with the refractive index, n, and the impedance, z, of the slab,
t−1 = cos(nkd)− i
2
(
z +
1
z
)
sin(nkd) (2.1)
r
t
= − i
2
(
z − 1
z
)
sin(nkd), (2.2)
where k and d are the wave vector in vacuum and the thickness of the slab, respectively. Eqs.
(2.1) and (2.2) can be inverted to calculate n and z from t and r. By completing this inversion,
we obtain,
z = ±
√
(1 + r)2 − t2
(1− r)2 − t2 (2.3)
cos(nkd) =
1
2t
(
1 + t2 − r2
)
., (2.4)
Although Eqs. (2.3) and (2.4) have a relatively simple form, both are complex functions
with multiple branches, which lead to ambiguities to determine the ﬁnal expression of  and μ.
We need additional information about material properties to ﬁx these ambiguities. Normally,
the materials are passive, so the real part of the impedance Re(z) > 0, which ﬁxes the sign in
Eq. (2.3). Similarly, the requirement for the imaginary part of the refractive index, Im(n) < 0,
for the passive material, ﬁxes the sign of n:
Im(n) = ±Im
⎛
⎝cos−1
(
1
2t
(
1 + t2 − r2))
kd
⎞
⎠ . (2.5)
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It is worth noting that, from Eq. (2.2), one can see that the sign of z and n are correlated,
i.e., the same sign must be chosen in Eqs. (2.3) and (2.5). Once the sign of Im(n) is chosen,
the sign of Re(n) is unambiguously decided.
Thus, we have resolved ambiguities caused by the sign of n and z. However, since the
cosine function has multiple branches, we still have ambiguity in the real part of n, which is
given by
Re(n) = ±Re
⎛
⎝cos−1
(
1
2t
(
1 + t2 − r2))
kd
⎞
⎠+ 2πm
kd
, (2.6)
where m is an integer. Eq. (2.6) shows the branches can be very close to each other when d is
large, which makes the selection of the correct branch diﬃcult in the case of dispersive medium.
So we should take the smallest possible thickness sample in the simulation or experiment. Even
in the case of a small thickness sample, it can be very diﬃcult to choose the correct branch
from the frequencies close to the resonance, where n changes rapidly. A common way to choose
the correct branch is to start with a frequency far below the resonance, where n is close to 1,
and calculate n successively by assuming the continuity of n as the frequency increases.
The eﬀective permittivity, , and the permeability, μ, can be obtained by  = n/z and
μ = nz.
The retrieval procedure described above is under the assumption that the metamaterial
can be viewed as a homogenous medium. In this case, the internal structure inside the unit
cell of the metamaterial must be symmetric along the propagating direction of the EM wave.
If the structure does not have this symmetry, e.g., the sample is prepared on a substrate,
the reﬂections, r12 and r21, from both side of the slab are no longer identical. Therefore,
the homogenous retrieval procedure is not valid. However, it has been proven that one can
use the same equations to handle the asymmetric structures by taking the average reﬂection,
r =
√
r12r21 [34].
33
2.3 Frequency saturation of the magnetic resonance of a SRR in the
optical regime
As we have mentioned in Chapter 1, there is a sustained eﬀort in the community to push
the operating frequency of the metamaterials deeper and deeper into the THz region to reach
ultimately optical frequencies. This is so important because there are no natural materials that
would still have magnetic properties at such high frequencies. At low frequency regimes, up
to several THz, the magnetic resonance frequency scales reciprocally with the structural size.
At high frequencies, however, this linear scaling breaks down as we show later in this section.
The resonance frequency saturate as geometric size decreases down to a certain limit, which
makes it more diﬃcult to push the working frequency of LHM even higher. Our studies show
that the breakdown of this linear scaling properties is due to the kinetic energy of electrons.
2.3.1 Eﬀective inductance due to kinetic energy of electrons
Although in principle the dielectric materials could also show an explicit frequency depen-
dence of their material parameters, it is the metal that ﬁrst limits the operation of the SRRs.
At high frequencies the kinetic energy of the electrons in the metal (both in the SRRs and
the wires) cannot be neglected anymore in comparison with the magnetic energy. Indeed the
kinetic energy of the electrons in the SRR adds a term to the magnetic energy which can be
written as LeI2/2, where the electron self-inductance Le is given by
Le =
l′
S′ωp0
(2.7)
where l′ = 4(l−w)−d is the length of the axis of the wire making the ring (see Fig. 2.8). S′ is
the eﬀective cross-section of the ring, smaller than S = wt (because of the skin depth and the
asymmetry of the current distribution between the center and the external sides of the ring),
and ωp is the plasma frequency of the material. The geometrical dimensions are deﬁned in Fig.
2.8; the gap-size is d = 0.2L.
The formula of Le shown in equation 2.7 can be derived in a straightforward way by taking
into account that the electronic kinetic energy, LeI2/2, is Nemeve/2, where ve = je/(ene),
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I =
∫
jeds = S′je, ve is the average electron velocity, je the current density, ne the free electron
concentration, Ne = l′S′ne is the total number of electrons participating in the current, and
S′ = γS with γ < 1. Notice that Le scales as 1/a, where a is the unit cell size. In contrast to
the magnetic ﬁeld inductance, Lm, which scales as a (since all the geometric parameters scale
proportional to a).
The capacitance, C, of the split ring scales also proportional to a, so that the resonance
frequency, fm, of the SRR has the following a dependence
fm =
1
2π
1√
(Lm + Le)C
=
1
2π
1√
(c1a2 + c2)
(2.8)
where c1 and c2 are independent of the length L in the framework of the LC circuit model.
For smaller structural size also surface scattering eﬀects become dominant that also break the
scaling and increase the ohmic losses. Taking everything together, as we push the magnetic
resonance frequency higher by reducing the structural size of the SRR, we expect to see a
breakdown of the linear scaling together with a diminishing strength of the SRR resonance
that ultimately renders the SRR dysfunctional.
2.3.2 Numerical studies of the magnetic resonance of SRRs in the optical regime
Via numerical simulations, we investigate how high we can push the magnetic resonance
frequency of a realistic SRR design made from aluminum. As shown in Fig. 2.8 we have
considered single ring SRRs as well as multi-gap SRRs. The SRR is made of aluminum, sim-
ulated by using a Drude-model permittivity (fp =3570 THz, ftau =19.4 THz), separated from
the 0.343a thick substrate (glass,  =2.14). Keeping in mind the need for higher dimensional
isotropic metamaterials the unit cell has to be symmetric. Hence, a symmetric SRR design
[85] is required, as the 4-gap one. This, as the 2-gap one, avoids the undesirable excitation of
the magnetic resonance by the electric ﬁeld [40, 86].
We simulate single-ring SRR-only metamaterial designs, using the commercial CST Mi-
crowave Studio. The metamaterial is deﬁned as a periodic repetition of a single rectangular
unit cell containing a single SRR as shown in Fig. 2.8. The gap size has been reduced accord-
ing to the number of cuts, expecting to approximately preserve the total capacitance, C, and
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Figure 2.8 (a): The geometries of the 1, 2 and 4-gap single-ring SRR are shown; the
unit cell has the dimensions a×a in the SRR plane and 0.614a perpendicular
to it. The parameters of the SRR are: side length l = 0.914a, width and
thickness w = t =0.257a and gap-width 0.2a, 0.1a and 0.05a for the 1, 2 and
4-gap SRR, respectively. (b) The left panel shows the charge accumulation
in a 4-cut SRR, as a result of the periodic boundary conditions in the E (and
H) direction. The right panel shows the equivalent LC circuit describing this
SRR. Cg is the gap capacitance and Cs the side capacitance resulting from
the interaction with the neighboring SRR.
the total inductance, Lm, of the eﬀective LC circuit constituted by the SRR (assuming that
C ∼ wt/d, and Lm ∼ l′). The direction of propagation and the electric ﬁeld are parallel to
the SRR plane. The orientation of the SRR is such that mirror symmetry with respect to the
electric ﬁeld vector is preserved, thus only the magnetic ﬁeld couples to the resonance of the
circular currents in the SRR ring.
In Fig. 2.9 we show the results of our simulation for fm, together with the outcome of the
LC circuit model given in equation 2.8. It is worthwhile to point out that the simple formula
2.8 with realistic values of c1 and c2 reproduces the simulation well, especially for the 4- and
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the 1-gap cases; the saturation value of the 2-gap case is lower than the simulation value by
19%; this discrepancy is attributed to a breakdown of the homogeneous eﬀective medium (see
below). On the basis of the simple formulae C ∼ wt/d, and Lm ∼ l′, it is expected that the
three simulation curves ought to more or less coincide, since l′ is the same for the 1-, 2-, 4-cut
case and C2 = C4 = C, since C2 = Cd/(2d2), C4 = Cd/(4d4)and d2 = d/2 and d4 = d/4
(the subscript in capacitance and cut-width refers to the 2- and 4-gap case). However, as is
shown in Fig. 2.9, the ratio of the fm in the linear regime is fm2/fm1 = 1.39, fm4/fm1 = 2.1,
which implies, assuming Lm4 ≈ Lm2 ≈ Lm1, that C1/C4 = 4.4 and C1/C2 = 1.93. There are
two physical reasons why those ratios are so diﬀerent from one. First, the formula C ∼ wt/d
is not valid because d is not much smaller than w. Numerical electrostatic calculation of the
capacitance by employing the method of moment, (approximately including the presence of
the dielectric substrate) at each cut gives C1g = 10.5a pF, C
2
g = 12.7a pF, and C
4
g = 18a
pF (a in meters) where the superscript refers to the 1-, 2-, 4-cut case, respectively. Second,
because of the periodic boundary conditions along the direction of the electric ﬁeld only (in the
simulations there is only one unit cell along the k direction) there is a charge accumulation to
the sides of the cuts as shown in Fig. 2.8(b) for the 4-cut case. This adds a side capacitance,
Cns , n =1,2,4, which was found numerically to be (including an estimated increase due to
the dielectric substrate) C1s = 13.109a pF, C
2
s = 18.81a pF, and C
4
s = 20.22a pF. Combining
these electrostatically calculated capacitances we found C1 = 23.609a pF, C2 = 15.755a,
C4 = 6.118a. The ratio of the electrostatically calculated capacitances, and C1/C4 = 3.86 and
C1/C2 = 1.50 turn out to be lower than but not far from the ones inferred from the simulations.
The diﬀerence can be attributed to retardation eﬀects present in the simulation but absent in
the LC circuit modeling.
We calculated also the inductance, Lm = Loutm + L
in
m , by employing the formulae given in
Ref. [7], Loutm = (μl
′/2π)[log(8r/b) − 1.75] (inductance of a circular ring of radius r, with a
circular cross-section of radius b), where r = l′/2π, πb2 = wt and l′ = 4(l − w) − d, for the
inductance outside the metal, and Linm = (μ0l
′/8π) for the internal inductance in the metal.
The ﬁnal result is Lm = 0.76a μH (ain meters). In obtaining these values we have ignored the
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Figure 2.9 The scaling of the magnetic resonance frequency fm as a function of the linear
size a of the unit cell is shown for the 1-, 2-and 4-cut SRR. Up to the lower
terahertz region the scaling is linear, fm ∝ 1/a. The maximum attainable
frequency is strongly enhanced with the number of cuts in the SRR ring. The
hollow symbols as well as the vertical line at 1/a = 17.9μm−1 indicate that
no μ < 0 is reached anymore. The broken lines shows The scaling of fm vs
a calculated through equation 2.8 (LC circuit model) for the 1-, 2-and 4-gap
SRR.
mutual inductance due to the periodicity along the H direction (see Fig. 2.8), because of the
rather large separation (0.614a); on the other hand we corrected the above values taking into
account that the periodic boundary conditions (along the direction of the electric ﬁeld) imply
mutual inductances which reduce the value of Lm by a factor estimated to be 0.75. Thus,
L′m = 0.75Lm = 0.57a μH (a in m meters).
Using the formula for Le derived before (with γ = 2/3) and the total capacitance values, we
ﬁnd the c2 of equation 2.8; for the 1-gap case, c2 = 0.29× 10−30, using our numerical results,
equation 2.8 is reduced to
fnm =
159 THz√
c′n
√
(6.43a2 + 0.14)
, n = 1, 2, 4. (2.9)
where a is in μm, and c′n=2.08, c′n=1.39, c′n=0.54.
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2.3.3 Disappearance of negative μ at high frequency
We expect the magnetic resonance to become broader and weaker for each of the three
cases studied here as the size becomes smaller and the resonance frequency increases; this
is due to the losses that are increasing linearly with the resonance frequency. Furthermore,
the permittivity of the metal, described in our simulations through the Drude model formula,
becomes smaller as the frequency increases, and hence the contrast to vacuum decreases, while
ohmic losses are increasing leading to a weaker resonance of the SRR. The permittivity of the
dielectrics is still considered frequency independent in our simulations, using its typical values
in the THz regime.
The transition to purely positive Re ((μ(ω))) is indicated by the change from full to hollow
symbols in Fig. 2.9. Interestingly this transition occurs pretty consistently for all SRR designs
for a speciﬁc size around 50 nm rather than for a speciﬁc frequency. This behavior can be
deduced from the LC circuit analysis. Indeed, one can obtain a rough estimate of the perme-
ability μ = μ0(1 + χ), where χ is the magnetic susceptibility. Using the well known formulae
χ = M/H = m/V H,m = IA, I = E/Z, E = −dφ/dt = iωHA, where M is the magnetization,
m the magnetic moment of the unit cell of volume V , H = B/μ, B is the magnetic ﬁeld, I is
the current. A = l′2 is the area of the loop, Φ is the magnetic ﬂux through the loop, Z is the
impedance, Z = R+ iLtω[1− (ωm/ω)2], R = l′/S′, ρ = 1/σ, where σ = −iω(− 0) is the AC
conductivity given by the Drude formula. The ﬁnal result is of the form χ = Λ/(1−Λ), where
Λ for ω ≈ ωm and ω  ωm turns out to be independent of ωm and proportional to length
square. On the other hand, the LC circuit model gives χ always less than unity, which means
μeﬀ positive, in disagreement with the |χ| simulations and the experiment.
In Fig. 2.10 we show the disappearance of the μeﬀ region in the magnetic response with
decreasing structure size for all SRR designs. The eﬀective permeability μ(ω) has been obtained
by employing the retrieval procedure from the simulated scattering data. Qualitatively, as we
pointed out before, with decreasing size of the unit cell, ωm moves to higher frequencies but
slower than it would be expected form the linear scaling. Simultaneously, the strength of the
resonance, hence the amplitude of the resonant μeﬀ , decreases. Starting from μeﬀ ≈ 1 far
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Figure 2.10 Simulation of the dependence of the shape and amplitude of the magnetic
resonance in Re ((μ(ω))) of the 4-gap SRR for unit cell size a = 70, 56, 49
and 35 nm (left to right)
from ωm,a weak resonant μeﬀ can not reach negative values anymore, although the presence
of the magnetic resonance can be conﬁrmed up to very small unit cells. However, even in
those cases, uninteresting for constructing left-handed metamaterials, the resonance frequency
does not signiﬁcantly increase. It must be stressed that the 4-cut design retains the negative
Re ((μ(ω))) region for higher frequencies (up to about 550 THz) than the 2-cut design (up to
420 THz) and the 1-cut case (up to 280 THz). The explanation for this superior performance
of the 4-cut case can be inferred from the dependence of the disappearance of the negative
μ regime mainly on the length scale and the fact that more cuts produce higher frequency
for the same length scale. The 2-cut case needs further discussion. For a given structural
size the resonance frequency ωm increases with the number of cuts, which brings the resonant
refractive index, neﬀ , closer in frequency to the edge of the Brillouin zone, nBZ = πc/ωa,
promoting periodicity artifacts. In contrast, two eﬀects counteract the periodicity: Generally
the breakdown of the linear scaling limits the increase of ωm while the edge of the Brillouin
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zone continues to scale geometrically leading to reduced periodicity artifacts deeper in the
saturation regime, i.e. for smaller structural size. Second, the increasing losses at higher
frequency reduce the amplitude of the magnetic resonance and increase the separation of the
resonant neﬀ from the nBZ in vertical direction (i.e. in magnitude) despite a larger λvacuum/a
ratio. Consequently, we see very weak periodicity artifact for the single-cut SRR, becoming
strong for the 2-cut SRR, but decreasing again for the 4-cut SRR. The periodicity leads to
a deformation of the μeﬀ resonance, as has been discussed in great detail in Ref. [33], which
saturates and widens the μeﬀ < 0 region.
We stress the fact that the 4-cut single ring SRR design is favorable for more-dimensional
metamaterials not only for its highest attainable magnetic resonance frequency but also for its
inherent symmetry, without bi-anisotropy or electric coupling to the magnetic resonance. For
the 2-gap design, the role of elongating the two non-gap sides is worthwhile to explored, since
this way one may induce a negative  response as well.
2.4 Conclusions
We discussed three resonances, namely the magnetic resonance, the electric excitation cou-
pling to the magnetic resonance (EEMR), and the short-wire-like resonance, of SRRs with
respect to diﬀerent polarization of the EM wave. It was shown that both the magnetic res-
onance and the EEMR were excited by the loop current, while the short-wire-like resonance
was excited by the linear current. The magnetic resonance of SRRs at optics frequencies was
studied via numerical simulations. We found the linear scaling properties of the magnetic res-
onance breakdown for frequencies above 100THz. The underlying reason is the free electron
kinetic energy is not negligible at such high frequencies. Because the breakdown of the linear
scaling properties, it is more diﬃculty to push the resonance frequency into the optical regime.
Therefore, there is a need to search for new designs suitable for the optical regime.
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CHAPTER 3. THE SHORT WIRE PAIR DESIGN
The idea of the cut-wire pair structure stems from the study of multiple gap SRRs, when
we search for suitable LHM designs working at infrared or even the optical regime. To design
an LHM at the optical regime, we face two serious technical diﬃculties. First, due to the break-
down of the linear scaling property in the optical regime, the magnetic resonance frequency
increases much slower as the size reduces than at microwave frequencies. Consequently, an
extremely small geometry size, typically on the order of ∼ 10nm, is required for the multiple
gap SRRs, which is far beyond the current available nano-fabrication technique. Second, the
SRR type of LHM designs requires the incident EM wave to be parallel to the SRR plane, and,
therefore, multiple layers of sample are needed to observe strong enough left-handed responses.
It is very diﬃcult to realize the parallel incidence in the optical regime.
By using the short wire pair structure, these technique diﬃculties can be overcome. The
short wire pairs are simple enough to be realized by the current nano-fabrication process. In
addition, the incident EM wave is perpendicular to the sample plane. This allows us to obtain
a strong enough left-handed response from only one layer of sample. Using short wire pair
design, we are able to realize left-handed materials from microwave frequency up to the optical
regime.
3.1 Geometry of Short Wire Pair
As mentioned previously, the short wire pair geometry can be viewed as an extreme case
of a two-gap SRR. Figure 3.1 shows the transformation from a two-gap SRR to the short wire
pair by increasing the gap size. We systematically studied the magnetic resonances of two-gap
SRRs as we gradually increased the size of the gap. It turns out the magnetic resonances
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Figure 3.1 By gradually increasing the gap size of a two-gap SRR (a,b), the short wire
pair structure (c) is obtained.
always exist as the size of gap increases from case of 3.1(a) to 3.1(c).
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Figure 3.2 (a) The short wire pair arrays (SRRs) with repeating distance, ax and ay.
(b)Single unit cell of the SRR with geometric parameters given as following:
the length, l, the width, w, and the thickness, t, of the wires, the thickness of
the dielectric spacer, ts.
Unlike the SRRs, which must be fabricated as a planar structure on the top of a substrate,
the short wire pair can be fabricated on a dielectric substrate layer-by-layer separated by
a dielectric material. For microwave frequency applications, it is even more convenient to
fabricated it on two sides of a PC board. An array of short wire pairs together with a detailed
view of a single unit cell are shown in Fig. 3.2. The short wire pair consists of a pair of
metal patches separated by a dielectric spacer of thickness ts. In essence, the short wire
pair is a ”two-gap” SRR that has been ﬂattened to result in the wire-pair arrangement [44].
For an electromagnetic wave incident with wave vector and ﬁeld polarization as shown in Fig.
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3.2(b), the short wire pair will exhibit both inductive (along the wires) and capacitive (between
the upper and lower adjacent ends of the short wires) behavior and will possess a magnetic
resonance providing a negative permeability.
Figure 3.3 Measured (red solid) and simulated (blue dash) transmission of the short
wire pair with l = 7 mm, w=1 mm, t = 10 μm, ts=0.254 mm. (Deﬁnition of
parameters see Fig. 1.2)
Figure 3.3 shows the transmission spectra of the short wire pair structure under a normal
incidence of plane EM wave with the polarization shown in Fig. 3.2(b). The red and blue
curves show measured and simulation results, respectively. The sample was prepared on a
Rogers 5880 PC board with dielectric constant, r = 2.53, and the wires were made from
copper. A dip at 14.3 GHz in the measured curve and at 13.8 GHz in the simulation curve
were shown. Further study shows that the transmission dips are due to magnetic resonances.
One may notice there is considerable discrepancy between the measured and the simulated
curves, which is related to a few factors in the experiment and fabrication process. We will
return to this issue later after we discuss the mechanism of the magnetic resonances.
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3.2 Magnetic Resonance of the Short Wire Pair
The transmission spectra of the short wire pair in Fig. 3.3 show resonance dips under
normal incidence of EM waves. As we know, the resonance could be either an electric response
or a magnetic response. The magnetic resonance usually originates from the circular current,
while the electric resonance usually is excited by the linear current. In order to determine the
resonance of the short wire pair, we studied the electric and magnetic ﬁelds distributions and
the current distributions.
3.2.1 The electric ﬁeld, E, and the magnetic ﬁeld, H, distribution
The electric ﬁeld, E, in the region between the short wires is shown in Fig. 3.4(a) and (b).
(a)
(b)
Figure 3.4 The electric ﬁeld at 13.8 GHz on the plane perpendicular to the magnetic
ﬁeld, H, direction (a) and on the plane perpendicular to the electric ﬁeld, E,
direction (b).
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We found the following properties of the electric ﬁeld distribution:
1. Strong localized electric ﬁeld, Eloc, exists in the space between the short wires. The
magnitude of localized ﬁeld is much larger the electric ﬁeld of the incident EM wave, Ei,
and the direction of Eloc is perpendicular to Ei.
2. Eloc reaches its maximum magnitude at the ends of wires and decreases to zero at the
center.
3. Eloc at the ends of the wires are along opposite directions, which indicates the opposite
sign charges accumulating at those ends (Fig. 3.4(a)).
Figures 3.5(a) and (b) show the magnetic ﬁeld distribution.
We found the following properties of the magnetic ﬁeld distribution:
1. Strong localized magnetic ﬁeld, Hloc, exists in the space between the short wires. The
magnitude of localized ﬁeld is much larger the magnetic ﬁeld of the incident EM wave,
Hi, and the direction of Hloc is same as Hi.
2. The magnitude of Hloc reaches maximum value at the center of the short wires and
decreases to zero toward the ends.
3. According to Hloc ﬁeld distribution, anti-parallel currents ﬂow in the short wires.
From the magnetic ﬁeld distribution shown in Fig. 3.5(b), we clearly see the anti-parallel
currents exist in the short wires. These anti-parallel currents, induced by the magnetic ﬁeld
of the incident EM wave, behave similarly as the loop currents in SRRs, and, therefore, result
in a magnetic resonance.
3.2.2 RLC eﬀective circuit model
Similar to SRRs, the short wire pair can also be modeled as an RLC circuit which consists
of two inductors and two capacitors in series as shown in Fig. 3.6. The resonant frequency of
this RLC circuit is given by,
f =
1
2π
√
LC
, (3.1)
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(a)
(b)
Figure 3.5 The magnetic ﬁeld at 13.8 GHz on the plane perpendicular to the magnetic
ﬁeld, H, direction (a) and on the plane perpendicular to the electric ﬁeld, E,
direction (b).
where L and C is the total inductance and total capacitance of the RLC circuit.
At the resonant frequency, anti-parallel currents are induced by the magnetic ﬁeld of the
incident EM wave, therefore, an eﬀective inductance, L, can be deﬁned by
L =
Φ
I
, (3.2)
where Φ is the magnetic ﬂux ﬂowing through the area enclosed by the short wires. On the
other hand, charges with opposite signs accumulate at the ends of the short wires as shown in
Fig. 3.4(a), so the an eﬀective capacitance can be deﬁned by,
C =
Q
U
, (3.3)
47
Figure 3.6 The RLC eﬀective circuit model
where U is the voltage diﬀerence between the ends of short wires.
The short wire pair can be considered as two parallel plates, so the inductance, L, is
approximately given by
L = μ
ts
w
l , (3.4)
where l and w are the length and width of the short wires, respectively, and ts is the
thickness of the dielectric spacer. 1
The capacitance, 2C, of the short wire pair are the capacitance of parallel plates, given by,
2C = r
w
ts
l
2
.
where r is the dielectric constant of the dielectric spacer. The total capacitance, C, of the
series RLC circuit is given by
C = r
w
ts
l
4
. (3.5)
Thus, we obtain the magnetic resonance frequency as the following,
fm =
1
2π
√
LC
=
1
π
√
μ
1
l
=
c0
π
√
r
1
l
, (3.6)
where c0 is the speed of light in a vacuum. One immediately sees that the resonance frequency,
fm, is inverse proportional to the length of the wires, l, and does not depend on other geo-
1This formula describes the inductance of parallel plate with inﬁnite length. Since the separation between
short wires, ts = 0.254 mm, is much smaller than the length l = 7 mm, this formula is valid for the short wire
pair.
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metric parameters, such as the width, w, and the separation between the short wires, ts. This
interesting property has been conﬁrmed by numerical simulations as shown later in Fig. 3.12.
3.2.3 Inductance L and capacitance C of short wire pair
As mentioned in the previous section, Eq. (3.6) also shows that the resonance frequency,
fm, does not depend on the geometric parameters, w and ts. This observation coincides with
our numerical simulations. In addition, our simulations show that Eq. (3.6) is valid even for
a very thin short wire pair, i.e., w  ts, where the inductance and capacitance cannot be
modeled by a pair of parallel plates, and hence Eq. (3.4) and Eq. (3.5) are invalid. To explain
this behavior, we studied the capacitance and inductance of two extreme cases,
• l  ts and w  ts. This is the case of two parallel plates as shown in Fig. 3.7(a).
• l  ts and w  ts. This is the case of two parallel thin wires as shown in Fig. 3.7(b).
Next, we will discuss the inductance and capacitance of parallel plates and parallel wires
by using Eq. (3.2).
Figure 3.7(a) shows a parallel plates model of the short wire pair with l  ts, w  ts.
Assuming the electric and magnetic ﬁeld are uniform in the region between the parallel plates,
the magnetic ﬂux is given by
Φ = μ
∫
H · dS = μH · t · l .
According to the analysis in section 3.2.1, anti-parallel current exists on the plates. Employing
Ampe`re’s Law ∮
H · dl = H · w = I .
So, the eﬀective inductance L is obtained by
L = μ
t
w
l ,
which is already given in Eq. (3.4). The capacitance of the parallel plates is given by Eq. (3.5)
(well-known plate capacitor formula). Thus, in the product of L and C, w and t cancel, hence,
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(a) (b)
Figure 3.7 (a): The parallel plates model of a short wire pair with l  ts and w  ts,
(b): The parallel thin wires model of a short wire pair with l  ts and w  ts,
The current, I, charges, Q, the electric ﬁelds, E, and the magnetic ﬁeld, H
are shown.
the magnetic resonant frequency fm is given by
fm =
c0
π
√
r
1
l
,
which is same as Eq. (3.6).
Figure 3.7(b) shows a parallel thin wires model of the short wire pair with l  ts, w  ts.
The total magnetic ﬁeld is the superposition of the magnetic ﬁeld around two individual wires.
On the plane through the center line of two wires, the magnetic ﬁeld is along the normal
direction. Using Ampe`re’s Law, the magnetic ﬁeld in the region between the wires is given by,
H =
I
2π
(1
x
+
1
d− x
)
,
where the origin of the x-axis is the center of the left wire. The magnetic ﬂux is evaluated by
the integration of H in the area between the wires,
Φ = μ
∫
H · dS = μI
2π
∫ d−r
r
(1
x
+
1
d− x
)
dx =
μI
π
ln
(d− r
r
).
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Thus the inductance is given by,
L =
Φ
I
=
μl
π
ln
(d− r
r
)
. (3.7)
where d is the distance between the wires and r is the radius of the each wire.
According to Eq. (3.3), to evaluate the capacitance between the wires, one needs to know
the voltage diﬀerence between the wires, given by the integration of the E ﬁeld. Employing
Gaussian Law, ∮
E · dS = Q

.
Thus, the electric ﬁeld, E, is along the radial direction and its magnitude is given by
E =
Q
2πl
(1
x
+
1
d− x
)
.
So the voltage diﬀerence between wires is given by,
U =
∫ d−r
r
Edx =
Q
2πl
∫ d−r
r
(1
x
+
1
d− x
)
dx =
Q
πl
ln
(d− r
r
)
.
Thus, we obtain the capacitance,
C =
Q
U
=
πl
ln
(
d−r
r
) . (3.8)
From the Eq. (3.7) and (3.8), in the product of L and C, r (which corresponds to w for
short wire pair) and d (which corresponds to ts for short wire pair) cancel again; hence, the
magnetic resonant frequency fm is given by
fm =
c
π
√
r
1
l
,
which is also same as Eq. (3.6).
As shown above, both the parallel plates model and the parallel thin wires model give the
same equation for the resonance frequency. This explains the unexpectedly wide range of the
observed 1/l dependence.
After understanding the relationship between the magnetic resonance frequency, fm, and
geometric parameters, let’s return to the issue about the discrepancy of magnetic resonance
between the measured and simulated transmission curves shown in Fig. 3.3. The frequency
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discrepancy of the magnetic resonances is a result of several factors. First, the dielectric
constant used in the simulation, r = 2.53, given by the data sheet of Rogers 5880 PC board,
may be slightly diﬀerent to the actual value at the resonance frequency, due to the frequency
dispersive nature of the real dielectric material. Since the resonant frequency is proportional
to 1/
√
r (as shown in Eq. (3.6)), the actually value of r is smaller than 2.53. Second, after
measuring the length and the width of the short wires under the microscope, we found the short
wires are over-etched in the fabrication process. Thus the actual lengths of the short wires are
shorter than the designed length. As shown in Eq. (3.6), the magnetic resonant frequency is
proportional to 1/l, a shorter length, l, will increase the resonance frequency. Moreover, since
the wires are over-etched in a nonuniform manner, the actual lengths of wires are diﬀerent.
Consequently, the resonance frequencies of the short wire pair are also diﬀerent. This explains
the fact that the width of the dip of the measured curve is much wider than the simulated
one. Finally, during the fabrication process, the short wires must be fabricated on both sides
of the PC board, so misalignment between the two sides of the PC board may happen. The
misalignment of the short wires will shorten the length of the short wire pair eﬀectively, and,
therefore, increase the resonant frequency, fm.
3.3 Eﬀective Parameters for the Short Wire Pair
Figure 3.8 shows the simulated transmission, T , reﬂection, R, and loss, A for the short wire
pair structure with the same geometric parameters shown in Fig. 3.3. The loss is calculated by
A = 1−T−R. As expected, a dip in the transmission at 13.8 GHz is observed. In addition, the
peak in the loss at the same frequency indicates signiﬁcant absorption exists at the magnetic
resonance frequency. A major contribution to the absorption comes from the ohmic loss in the
metallic wires.
Figures 3.9(a)-3.9(d) show the eﬀective parameters, i.e. the refractive index, n, the per-
meability, μ, the permittivity, , and the impedance, z, of the short wire pair design, which
are extracted by a retrieval procedure [28]. A resonance behavior was shown in the refractive
index (Fig. 3.9(a)); however, similar to the SRRs, the short wire pair alone does not provide a
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Figure 3.8 Simulated transmission, T (blue), reﬂection, R (red), and losses, A (green)
using short wire pair structure shown in Fig. 3.2.
negative refractive index. Figure 3.9(b) clearly shows a magnetic resonance at 13.8 GHz, which
leads to negative values of the permeability around the resonance frequency. An anti-resonance
of the permittivity appears in Fig. 3.9(c), due to the periodicity eﬀect [33].
3.4 Electric Response of Short Wire Pair
Similar to the short-wire-like response discussed in Chapter 2, the short wires also support
electric resonance. Figure 3.10 shows the electric ﬁeld distribution of a short wire pair at the
electric resonance frequency fe. Unlike the case of the magnetic resonance shown in 3.4(a),
the electric ﬁeld of the electric resonance is along the wire direction and mainly conﬁned in
the space between the nearest neighbor edges of the two pairs of bars belonging to consecutive
unit cells. The charges accumulate at the ends of the wire pair and have the same sign at the
same end. Such charge distributions indicate the symmetric current mode exists in the wires.
The electric resonance can also be modeled as an RLC circuit. Considering the ﬁeld and
current conﬁgurations for both the antisymmetric mode of the magnetic resonance and the
symmetric mode of the electric resonance, the short wire pairs can be modeled by equivalent
R,C,L circuits as shown in Fig. 3.11 (where for simplicity the resistor elements have been
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(a) (b)
(c) (d)
Figure 3.9 Retrieval calculation using simulation data. (a): refractive index n, (b): per-
meability μ, (c): permittivity , (d): impedance z. Red curves show the real
part and blue curves show the imaginary part.
omitted). Near the magnetic resonance frequency where the current conﬁguration is as shown
in Fig. 3.11(c), the magnetic ﬁeld is between the two plates and, to a good approximation,
uniform (Fig. 3.5(b)). Hence, the total inductance L, as calculated by the magnetic ﬁeld ﬂux,
is given by Eq. (3.4) and rewritten as,
L = 2Lm 
 μts
w
l,
where l is the length of the wire, ts is the thickness of the dielectric spacer, and w is the width
of the wire.
Notice that at telecommunication or optical frequencies, where the linear dimensions are
in the tens or hundreds of nm, the kinetic energy of the drifting electrons makes a contribution
comparable or larger than the magnetic energy. Hence, another additional inductance must
be added to the right-hand side of Eq. (3.4) [41].
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Figure 3.10 Electric ﬁeld distribution at the electric resonance frequency, fe. The sign
of charges and the direction of current (red arrows) are also shown.
Each of the capacitance, Cm, is already given by a Eq. (3.5) and rewritten as,
Cm =
wl
ts
. (3.9)
The capacitance, Ce, can be approximated by that of two parallel wires of radius, tm, and
length, w, at a distance, b, apart
Ce =
πw
ln(b/tm)
, (3.10)
where tm is the thickness of each metallic bar and b is the separation of the neighboring pairs
Fig. 3.11(a,b) (b = ay − l). The magnetic resonance frequency, ωm, is obtained by equating
the impedance Z (of Lm and Ce in parallel) minus the impendence −i/Cmω of the capacitance
Cm.
Since Z = iLmω/(1− LmCeω2), we obtain
ωm =
1√
Lm(Cm + Ce)

 1√
LmCm
. (3.11)
The last relationship follows because, for the values we have used, (l = 7mm, w = 1mm, ts =
0.254mm, tm = 10μm and b = 0.3mm), Ce 
 0.1Cm. Combining Eqs. (3.4) and (3.9) we ﬁnd
that
fm =
ωm
2π
=
1
π
√
r
c0
l
, (3.12)
where r = 2.53 is the reduced dielectric constant of the dielectric, r = /0. In Fig. 3.12
we compare our result of Eq. (3.12), which shows that fm is a linear function of only 1/l,
with detailed simulations results. Figure 3.12 shows the dependence of the magnetic resonance
frequency as obtained from the retrieved resonant eﬀective μ on the inverse length of the parallel
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metallic bars (Fig. 4.5b), for diﬀerent widths w (separation between parallel bars ts = 0.254mm
ﬁxed) and two diﬀerent separations ts (width of bars w = 1mm ﬁxed). Complete quantitative
agreement is obtained if c1 = 0.22. Notice the independence of the simulation results on the
width w and the dielectric thickness ts. It is worthwhile to point out that the result fm ∼ 1/l
is robust over a wide range of parameters, even if Eqs. (3.4) and (3.9) are invalid. To see this
point, consider the extreme case of a pair of thin wires (as discussed in section 3.2.3) of length,
l, cross-section radius, r, at a distance, d, apart such that r  d  l. For such a system
L = (μ/4π)[1 + 4 ln(d/r)] 
 (μl/π) ln(d/r) and C 
 πl/ ln(d/r). Thus, again fm ∼ 1/√μl.
For frequencies near the electric resonance, because of mirror symmetry in Fig. 3.11(d),
there is no current passing through the capacitances, Cm. As a result the electric resonance
frequency, fe, is given by
fe =
1
2π
√
CeLe
, (3.13)
where Le is expected to be of the form (μ/π)g(w/l), where g(x) is a function which for x→ 0
behaves as − ln(x).
3.5 LHM Based on Short Wire Pairs
Since short wire pairs have both the magnetic resonance and the electric resonance provid-
ing negative μ and , respectively, can we overlap the two resonances and realize a left-handed
medium? Our numerical studies show it’s very diﬃcult to obtain both negative  and μ at the
same frequency band. The electric resonance is much stronger than the magnetic resonance be-
cause the electric coupling is much more eﬃcient than the magnetic coupling. Therefore, when
the magnetic resonance approaches the electric resonance frequency, the magnetic response
will be killed by the strong electric response. The only possibility is to tune the magnetic
resonance very carefully and move it to the frequency range where the electric response is
weak as shown in Fig. 3.14(b). This requires the electric resonance frequency to be lower than
the magnetic resonance frequency, i.e., fe < fm. We managed to obtain this overlapping at
microwave frequency, but are not able to realize it optic regime.
We found that fe is a rather sensitive function of the small distance, b, because Ce depends
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on b, while Le is practically independent of b. Indeed, the ratios fe(2b)/fe(b) and fe(3b)/fe(b)
for b = 0.1mm, according to the equation of Ce and equation of fe are, respectively 1.14 and
1.215, in good agreement with the simulation results in Fig. 3.13 (1.13 and 1.21, respectively);
the dependence of both fm and fe on ay/l = 1 + b/l is shown in Fig. 3.13.
Figure 3.13 in combination with Fig. 3.14 suggest the optimum design parameters for
making the two bar scheme to produce a negative index n: One must avoid the crossing
region, where essentially to a considerably degree, the two resonances cancel each other. Since
the electric resonance is much stronger and, hence, much wider, we must bring the magnetic
resonance within the negative region of , i.e., we must have fe lower than fm as seen in Fig.
3.14(b), rather than the other way around, i.e., we must have
(
fe
fm
)2
=
Lm
Le
(
1 +
Cm
Ce
)
< 1 . (3.14)
This can be achieved by increasing Ce either by decreasing b or by increasing at the ends of
each bar the width, w, choosing a double H shape for each bar [54] as discussed in the next
section.
3.6 LHM by a H-Shaped Short Wire Pair Design
As we have mentioned, we can modify the short wire pair to increase Ce and therefore shift
the electric resonance to lower frequency. One of the design is the H-shaped wires shown in
Fig. 3.15(a).
The H-shaped short wire pairs were fabricated using Rogers 5880 printed circuit board
stock with dielectric-layer thickness of 254 μm and listed relative dielectric constant of 2.53.
The circuit board was coated on both sides with 10-μm thick layers of copper. The copper
was formed in the wire-pair patterns using conventional photolithography techniques. For the
samples reported here (both simulations and experiments), the width of the metal wires was
1 mm. The length and the width of the metal bars at each end of the wire pairs was 4mm
and 0.2 mm respectively. The length of the short wire pairs was 4 mm, and the unit cell size
was 4.2 mm × 8 mm × 2.274 mm. The total sample size was 9 x 17 x 1 unit cells, resulting
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in approximately square samples. A photograph of one side of a complete sample is shown in
3.15(b). With these patterned dimensions on the printed-circuit board material, the resonances
for LHM-behavior were expected to occur near 15.8 GHz.
The calculated and measured transmission spectra are shown in Fig. 3.16. There is good
qualitative agreement between simulations and measurements. To demonstrate the appearance
of the expected left-handed transmission band more clearly than it is visible from the single
unit cell spectra, we include the simulated transmission through ﬁve unit cells as the dashed
line.
The extracted refractive index is shown in Fig. 3.17 and the extracted permittivity and
permeability are shown in Fig. 3.18. The plots show that the real part of the permittivity is
negative over most of the measured range. The real part of the permeability is negative over a
resonance band above 15.8 GHz for both of the simulation (approximate 15.87-16.00 GHz) and
the measurement (approximate 15.82-15.98 GHz). The extracted real part of the refractive
index is negative over a narrow band around 15.8 GHz for both of the simulations (15.59-16.17
GHz) and the experiments (15.67 -16.02 GHz), dipping as low as -2.66 using measured data
and -2.86 from the simulation. The ratio of the imaginary part of n to the real part of n
reaches 1/3 above the resonance, which means that we have left-handed propagation with and
n negative. The simplicity of the short-wire pair design and the alleviation of the need for
continuous wires generating the negative eﬀective permittivity is expected to facilitate scaling
of the structure to achieve left-handed response well within the THz region. However as we
discussed in chapter 2, straightforward geometric scaling of the present design is not possible as
the behavior of the metals changes from lossy conductors in GHz to lossy, negative dielectrics
in the higher THz region [41].
3.7 Conclusions
The short wire pair design, which has a distinct advantage over the conventional SRRs
design, is more suitable for building LHM at the optical regime. The short wire pairs support
both the electric and the magnetic resonances, which are exited by the parallel current and
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the anti-parallel current, respectively. After studying the ﬁelds and currents distributions,
we present an eﬀective RLC circuit model of the short wire pairs. Negative refractive index
can be realized by overlapping the electric and the magnetic resonances. We discuss the
criteria to overlap these two resonance. Finally, we demonstrate the negative refractive index
experimentally by using a H-shaped short wire pair design.
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Figure 3.11 (Color online) Current distribution of the two parallel metallic bar design
(a) (side view, the parallel plates are behind one another) can be accounted
for by the equivalent circuit (b), which, since points 1 and 2 are equivalent
because of the periodicity, reduces to circuit (c) and (d) for the magnetic (c)
and electric (d) resonance respectively.
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Figure 3.12 (Color online) Linear dependence of the magnetic resonance frequency, fm,
as obtained by simulation, on the inverse length l; this result as well as its
independence on w and ts is in agreement with the simple formula (3.12).
(ts = 0.254mm for triangular, cross, circle; w = 1mm for diamond; and for
all cases, b = 0.5 ∼ 5.5mm, ax = 20mm).
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Figure 3.13 (Color online) Magnetic resonant frequency fm cross over with electrical
resonant frequency fe as ay/l = 1 + b/l varies between 7.1mm and 7.3mm;
ax = 20mm.
Figure 3.14 (Color online) Retrieved eﬀ (solid lines) and μeﬀ (dotted lines) for two cut
wires. (a) and (b) correspond to points a (ay = 7.3mm, ax = 20mm) and
b (ay = 7.1mm, ax = 20mm) in Fig. 3.13. Notice that both responses are
Lorentz like.
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Figure 3.15 (a) Schematic representation of one unit cell of the wire-pair structure. (b)
Photograph of fabricated microwave-scale wire-pair sample.
Figure 3.16 (Simulated (red solid curve) and measured (blue dotted curve) transmission
spectra for electromagnetic radiation incident on the wire-pair structures.
The green dashed curve shows the simulated transmission spectrum for a
5-layers sample.
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Figure 3.17 Extracted refractive index n of a periodic array of wire-pair unit cells, us-
ing the simulated (solid curves) and measured (dotted curves) transmission
and reﬂection data. The red and blue curves show the real part of n and
imaginary part of n respectively.
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Figure 3.18 Extracted permittivity (a) and permeability (b) of a periodic array of wire–
pair unit cells, using the simulated (red solid curves) and measured (blue
dotted curves) transmission and reﬂection data.
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CHAPTER 4. LHM BY THE SHORT WIRE PAIRS WITH THE LONG
WIRES
Although the short wire pair can provide both the negative permeability, μ, and the negative
permittivity, , it has been shown that it’s very hard to overlap the magnetic and electric
resonances in a common frequency band. As we have done with the SRR type LHMs, we can
add wires arrays, which provide the negative permittivity, , into the short wire pair design.
The resulting composite structures will possess both negative  and μ, and therefore possess
negative refractive index.
4.1 The Short Wire Pairs with the Long Wires Design
4.1.1 The geometry of the short wire pairs the with long wires
The basic structure of a single unit cell of the short wire pair NIM is shown in Fig. 4.1A. In
the short wire pair arrangement, the conventional SRR is replaced with a pair of short parallel
wires and the continuous wires are preserved. In our structure, two additional continuous wires
are placed on either side of the short wire pair. Repeating this basic structure periodically in
the x, y, and z directions would result in a NIM structure.
To examine the potential usefulness of short wire pair structures as NIMs, we characterized
the properties of the short wire pair of Fig. 4.1A using simulations and microwave measure-
ments and then used these results to determine the expected properties of NIMs built from the
short wire pair building blocks. Simulations of short wire pair structures were done with CST
Microwave Studio (Computer Simulation Technology GmbH, Darmstadt, Germany), which
uses a ﬁnite-diﬀerence time-domain method to determine reﬂection/transmission properties of
metallic-dielectric structures. In the simulations, the dielectric properties of the metal patches
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Figure 4.1 (a) Schematic representation of one unit cell of the short wire pair structure.
(b) Photograph of one side of a fabricated microwave-scale short wire pair
sample.
were handled with a frequency-dependent Drude model. The detailed calculations were used to
determine reﬂection and transmission coeﬃcients from a single unit cell. Experimental trans-
mission and reﬂection data were obtained by building and measuring microwave-frequency
versions of the short wire pair structures. These were fabricated using Rogers 5880 printed
circuit board stock with dielectric-layer thickness of 254 μm and listed relative dielectric con-
stant of 2.53. The circuit board was coated on both sides with 10-μm-thick layers of copper.
The copper was formed in the short wire pair patterns using conventional photolithography
techniques. For the samples reported here (both simulations and experiments), the widths of
all metal lines was 1 mm. The length of the short wire pair was 7 mm, and the unit cell size
was 9.5 mm× 7 mm× 2.274 mm. The total sample size was 7 × 10 × 1 unit cells, resulting in
approximately square samples. A photograph of one side of a complete sample is shown in Fig.
4.1B. With these patterned dimensions on the printed-circuit board material, the resonances
for NIM-behavior were expected to occur near 13.7 GHz
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Figure 4.2 The experiment setup for the transmission measurement (a) and the reﬂection
measurement (b).
4.1.2 The transmission and reﬂection response
Transmission and reﬂection properties of a single-layer structure were measured over the
frequency range of 12 GHz - 16 GHz using a network analyzer (HP 8510) and a pair of
standard gain horn antennas serving as source and receiver, as shown in Fig. 4.2. In the
transmission measurements, the microwaves were incident normal to the sample surface, as
shown in Fig. 4.2(a). This is a tremendous simpliﬁcation relatively to the conventional SRRs
and wires where the incident electromagnetic waves have to propagate parallel to the sample
surface. With the conventional orientation of the SRRs, it is almost impossible to do these
type of measurements at the THz region, since only single-layer samples are usually fabricated
[36, 38]. Transmission measurements were calibrated to the transmission between the horns
with the sample removed. As shown in Fig. 4.2(b) the reﬂection measurements were done
by placing the source and receiving horns on the same side of the sample and bouncing the
microwave signal oﬀ the sample. The source and receiver horns were each inclined with an
angle of about 7.5◦ with respect to normal on the sample surface. The reﬂection measurement
was calibrated using a sample-sized sheet of copper as reﬂecting mirror. In both measurements,
the electric ﬁeld of the incident wave was polarized parallel to the long dimension of the wires.
(For perpendicular polarization, the transmission was nearly 100%, independent of frequency
in the resonance region, and reﬂection was essentially zero.)
The calculated and measured transmission spectra are shown in Fig. 4.3(a). Figure 4.3(b)
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Figure 4.3 Simulated (red thin line) and measured (blue thick dotted line) response to
electromagnetic radiation incident on the short wire pair structures: (a) trans-
mission, (b) reﬂection.
shows the calculated and measured reﬂection spectra. There is good qualitative agreement
between simulations and measurements. The measured spectrum does show resonance peaks
and valleys due to reﬂections between the receiving horn and the sample. Also, there is a
distinct frequency diﬀerence between critical points in the two sets of curves. The frequencies
of measured transmission resonance peak and the corresponding reﬂection dip near 14.0 GHz
are about 2% higher than in the simulations. There are there three potential causes for the
shift: 1) The external resonances in the measurements may be masking the true peak (dip)
in the measured data. 2) The actual dielectric constant of the circuit board material may be
slightly lower than the value used in the simulations. 3) The wires on the front and back of
the dielectric layer may be misaligned slightly, which would have the same eﬀect as shortening
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the wires. The dip in the reﬂection at 15.7 GHz is due to the fact that the sample impedance
z = 1 at that frequency, and so no reﬂection is possible.
4.1.3 The eﬀective parameters
Using the transmission and reﬂection results from a single layer, we can extract the eﬀective
refractive index that would result if a periodic multi-layer sample were built using the single-
layer structure as a building block. The details of the numerical retrieval procedure have been
described in detail elsewhere [28, 34, 33].
In performing the retrieval, we have assumed a z-direction size of the unit cell of 2.274 mm.
This inter-layer spacing is an adjustable parameter in the retrieval process. Smaller spacing
would lead to stronger negative index features in the periodic structure, as long as the distance
between the short wires is small compared to the length of the unit cell, but may also result in
more complicated fabrication procedures in building a multi-layer structure. In choosing 2.274
mm as the separation distance for the numerical extraction, we attempted to strike a balance
between good negative-index properties and having a separation distance that is in line with
the other feature sizes of the structure. The extracted permittivity, permeability, and refractive
index are shown in the various parts of Fig. 4.4. The plots show that the real part of the
permittivity is negative over most of the measured range. 1 The real part of the permeability
is negative over a resonance band near 13.8 GHz for the simulation and at about 14.0 GHz for
the measurement. Notice also that the product of Im() and Im(μ) is negative. This is well
known and real eﬀect which comes from the periodic eﬀects of the retrieval procedure [38].
It is not relevant to the discussion of our results. The extracted real part of the refractive
index is negative 2 over a narrow band at 13.8 GHz for the simulations and 14.0 GHz in the
1We have also done experiments and simulations for samples with only pairs of short wires. For this case
both the experiments and the simulations have shown that indeed is negative, however is not negative in this
region and therefore n is also not negative. The extra continuous wires are needed to drive to become negative,
without changing the magnetic response shown in Fig. 3(c).
2In lossy materials is possible to have the real part n to be negative, without having the real parts of  and μ
simultaneously negative. This is the case of the recent work of S. Zhang, W.J. Fan, N.C. Panoiu, K.J. Malloy,
R.M. Osgood, S.R.J. Brueck. [Phys. Rev. Lett. 95,137404 (2005)]. This can happen if the imaginary parts
of  and μ are suﬃciently large, because in a lossy material n = n′ + in′′ , and we also have that n = z and
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Figure 4.4 Extracted electromagnetic properties of a periodic array of short wire pair unit
cells, using the simulated (red thin line) and measured (blue thick dotted line)
data of Fig. 2. Real (A) and imaginary (B) part of the refractive index. Real
(C) and imaginary (D) part of the permeability. Real (E) and imaginary (F)
part of the permittivity. The negative-index behavior can be seen clearly near
14 GHz in (A).
experiments, dipping as low as -2 using measured data and to less than -3 from the simulation.
The ratio of the imaginary part of n to the real part of n is 14 , which means that we have
left-handed propagation with , μ and n negative. Our preliminary numerical results show if
z =
√
μ/. After some algebra we obtain that n′ = ′z′ − ′′z′′ and z =
√
μ′′ + μ′′′′/2 + i(μ′′′ − μ′′′/2),
so it’s possible to have n′ < 0, provided that ′′z′′ > ′z′. In this scenario which occurs at the low-frequency
side of the n < 0 region in Fig. 3A, however, the imaginary parts lead to dominant losses such that we have a
transmission gap with some negative phase shift rather than left-handed transmission (with some losses). This
type of negative n should not be considered LH behavior. In our experiments, although we have considerable
imaginary parts, the behavior is still dominated by the negative real part of n at the high-frequency side where
we ﬁnd the LH behavior. As one can see from the experimental data of Fig. 3A and Fig. 3B, we obtain
n′/n′′ = 3.5 at n′ = −1, which ratio improves to ∼ 15 for n′ = −0.76. The simulation data gives at least
n′/n′′ ≈ 3.0 for n′ = −1.7.
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our structure scale down by a factor of 200, it will give a negative index of refraction at THz
frequencies, with both  and μ negative.
4.2 The Fishnet Structure
As another variation of short wire pair design, the ﬁshnet structure was introduced [47, 48],
realizing both  < 0 and μ < 0 in the infrared regime and later in the optical regime[49].
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Figure 4.5 (Color online) The two cut single metallic SRR (a) can be transformed to
a pair of parallel metallic bars separated by a dielectric (b, view in (E,k)
plane; c, view in ( E, H) plane). By adding continuous wires, design d (view
in ( E, H) plane) results, which can be modiﬁed to a fully connected one on
both sides of the thin dielectric board (e). The dashed square deﬁnes the unit
cells with dimension ax (parallel to H), ay (parallel to E) and az (parallel to
k).
Starting from a two-gap SRR 4.5(a), we can obtain the ﬁshnet structure by a series of
transformations. The short wire pair design shown in Figs 4.5(b,c) has distinct advantages
over conventional SRRs. The incident electromagnetic wave is normal to the structure as
shown in Fig. 4.5(b), which enables us to build NIMs by only one layer of sample and achieve
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relatively strong responses. By adding two long wires as shown in Fig. 4.5(d), we obtained the
left-handed materials discussed in the previous section. The last step is to increase the width
of the short wires, and connect with the long wires. The resulting structure, shown in Fig.
4.5(d), is the ﬁshnet structure.
4.3 Conclusions
We fabricated a composite LHM working at 13.7 GHz by using short wire pairs and long
wires. The transmission and reﬂection coeﬃcients were measured and showed good consistency
with numerical simulations. By using a retrieval procedure, the eﬀective parameters, , μ,
and n, were calculated from measured T and R. This was the ﬁrst time that a retrieval
procedure was completed by using experimental data, which proves the negative refractive
index experimentally. In addition, we discussed the relationship between three important
LHM designs suitable for the optical regime: double gap SRRs, the short wire pairs, and the
ﬁshnet structure.
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CHAPTER 5. LOSSES IN THE LEFT-HANDED MEDIUM
Since the original microwave experiments for the demonstration of negative index behavior
in the split ring resonators (SRRs) and wires structures, new designs have been introduced,
such as the short-wire pairs and the ﬁshnet, that have pushed the existence of the negative
refractive index into optical wavelengths [82, 1, 84]. However, both experiment and simulation
results show that losses increase as the frequency increases. The transmission loss, 1−T , at low
frequencies [25] is small (of the order of 1-5 dB/λ ), while as the frequency increases the loss
increases, approaching values of almost 30 dB/λ at infrared frequencies [52]. Another factor
to measure loss, namely the ﬁgure of merit, is the ratio of real and imaginary parts of the
refractive index, |Re(n)/Im(n)|, drops from the order of 100 for SRRs at microwave frequency
to 0.5 for the ﬁshnet structure at optical frequency [49, 57]. So loss becomes a serious problem,
which limits the potential applications of metamaterials such as perfect lens [58, 59]. Therefore
we need to determine ways to reduce the losses, especially at high frequencies.
5.1 Numerical Simulations
In this chapter, we will study the losses in the ﬁshnet structures through numerical sim-
ulations. Our numerical simulations were completed with CST Microwave Studio (Computer
Simulation Technology GmbH, Darmstadt, Germany), which uses a ﬁnite-integration tech-
nique. In Fig. 5.1, we show the structures of the short-wire pairs and the ﬁshnet designs.
The ﬁshnet structure consists of double layer of inﬁnite long metallic wire arrays along two
orthogonal directions spaced by a dielectric spacer [47, 50, 51]. The wires along the magnetic
ﬁeld H direction act as a magnetic resonator, providing negative permeability μ due to anti-
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Figure 5.1 Geometries for short-wire pair arrays (a) and the ﬁshnet structure (b). Both
consist of a patterned metallic double layer (yellow, usually Au) separated by
a thin dielectric (blue).
parallel currents induced by the magnetic ﬁeld of the incident electromagnetic wave. The wires
along the electric ﬁeld E direction of the incident electromagnetic wave excite the plasmonic
response and produce negative permittivity  up to the plasma frequency. The ﬁshnet structure
has an intrinsic relation with the short-wire pairs [44, 43, 45] and the split ring resonator (SRRs)
structure. The short-wire pairs geometry can be viewed as an extreme case of a two-gap SRR
ring [46] shrunk along the direction of the gaps. By adding continuous wires, which provide
negative permittivity , one is able to obtain the negative refractive index, n [45]. The ﬁshnet
structure can be obtained by increasing the width of the short wires, w, to form continuous
wires along the H direction and by adding other continuous wires along the E direction [50].
The transformation from the two-gap SRR to the short-wire pairs and the ﬁshnet structure
has been studied elsewhere [46]. Before we present the results for the ﬁshnet structures, we
will present the dependence of the magnetic resonance frequency on the width and its length
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Figure 5.2 (a) An eﬀective RLC circuit of the short-wire pairs structure shown in Fig.
5.1(a). (b) Linear dependence of the magnetic resonance frequency, fm, on
the length of the short-wire l. The other parameters are given by s = 1.5 mm,
ax=9.5 mm, ay=20 mm, r=2.53. (c) Dependence of the magnetic resonance
frequency, fm, on the thickness of the dielectric spacer, s. (w=1 mm, l=7
mm, ax=9.5 mm, ay=20 mm,r=2.53).
of the short-wire pair. The short-wire pairs give a magnetic resonance response [44, 87], and
can give a negative μ. The short-wire pairs structure has an interesting property that the
resonance frequency, fm, depends only on the length of the short-wire, l, among the geometric
parameters, l, s, w and t. As shown in Fig. 5.2(b), the resonance frequency fm, is a linear
function of 1/l, over a large range of l. On the other hand, we barely observe any change of fm
with the other parameters, s, w and t. Figure 5.2(c) shows the magnetic resonance frequencies
fm as the separation s increases from 0.2 mm to 2.6 mm. One can see that although s increases
by a factor of 13, fm only changes around 5% (from 13.6 to 14.54 GHz). This is due to the
fact that the capacitance, Cm = r(l · w)/2s, and the inductance, Lm = μr(l · s)/w, have the
opposite dependence on the width, w, and separation between the two short-wire pairs, s (s is
also the thickness of the dielectric spacer) as shown in Fig. 5.1(a). The total capacitance of the
series RLC circuit is given by C = 12Cm and the total inductance is L = Lm, so the resonance
frequency is given by ωm = 1/
√
LC = 2c0/l
√
rμr, where c0 is the speed of light in the vacuum
and r and μr are the dielectric function and relative permeability of the dielectric spacer,
respectively [46]. As a transformation of the short-wire pairs structure, the ﬁshnet structure
has the same property, i.e., the resonance frequency fm does not depend on the separation, s.
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This property gives us the opportunity to change L and C simultaneously without aﬀecting
the resonance frequency by changing the separation, s. The short-wire pairs structure does not
give a negative n, but they give a negative μ, all the way to the optical wavelengths [44, 87].
We will concentrate all of our eﬀorts in trying to reduce the losses in the ﬁshnet design, which
is the best design so far, for giving a negative n at the optical frequencies [49, 88].
5.2 Losses and the Eﬀective Inductance L
The magnetic element of the ﬁshnet structure (i.e. the long wires along the H direction),
can be modeled as the same series RLC circuit as the short-wire pairs shown in Fig. 5.2(a).
As we know, the loss of the RLC circuit depends upon the value of each circuit element and
the quality factor, Q, is given by Q = 12R
√
L
C . By increasing the inductance L or reducing
the resistance R and capacitance C, we are able to increase the Q-factor and therefore reduce
losses. The resistance of the metallic structure depends on the conductivity and the frequency
because of the skin eﬀect, so we can choose a good conductor such as copper, silver or gold
to reduce the resistance [89]. The inductance, L, and the capacitance C, strongly depend on
the geometric parameters of the structure and are relatively easy to be changed by modifying
these parameters.
In the ﬁshnet structure, the long wire along the H direction is like a magnetic resonator,
which provides the negative μ by introducing a magnetic resonance over a ﬁnite frequency
band. The magnetic permeability is given by as the following
μ = 1− Aω
2
ω2 − ω2m + iωΓm
(5.1)
where ωm is the magnetic resonance frequency and Γm is the damping factor, which is inversely
proportional to the eﬀective inductance [90],
Γm ∝ R
L
(5.2)
So we are able to reduce the loss by increasing the inductance of the structure.
There is a special reason for choosing the ﬁshnet structure in our study of the losses.
Since the loss increases as the magnetic resonance frequency increases [1, 84, 52], we must
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compare the loss of metamaterials with diﬀerent geometric parameters at the same resonance
frequency. Because the ﬁshnet structure has an intrinsic relation with the short-wire pairs, the
magnetic resonance frequency fm does not change with the thickness of the dielectric spacer,
s. By increasing s, the eﬀective inductance L will increase linearly with s, while the eﬀective
C decreases simultaneously with s and the product LC does not change, therefore, we are
able to compare the losses at a ﬁxed frequency. We ﬁrst studied the reduction of losses
Figure 5.3 (a) Eﬀective permeability for the ﬁshnet structure for three diﬀerent widths
of the dielectric spacer, s=0.25 (blue dashed), 0.5 (green dotted) and 1.0
mm (red solid), respectively. The frequency f is normalized by the magnetic
resonance frequency fm ( fm =9.701, 9.689 and 9.604 GHz for s=0.25, 0.5 and
1.0 mm, respectively). (b) The normalized loss, (1− R − T )/(1 − R) (solid)
, and the real part of refractive index, −Re(n) (dashed), as a function of the
normalized frequency. (c) Figure of Merit, |Re(n)/Im(n)|, versus f/fm.
for the ﬁshnet structure at microwave frequencies. In Fig. 5.3(a) we present the eﬀective
permeability μ as a function of the normalized frequency. One can see that the magnitude
of the magnetic resonance is signiﬁcantly increased as the width of the dielectric spacer s
increases. Fig. 5.3(b) shows the real part of the eﬀective refractive index, −Re(n), calculated
from numerical simulations employing a retrieval procedure [28, 91], and the normalized losses,
deﬁned as the ratio of (1−R−T )/(1−R), where T and R are the transmittance and reﬂectance,
respectively. One can see that, as the separation s increases from 0.25 to 1.0 mm, the frequency
with a given value of Re(n)=-1, shifts away from the center of the peak of the normalized
loss. The underlying reason for this is the magnet resonance are becoming stronger as the
inductance L increases, so that the frequency with a given value of Re(n)=-1 moves away
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from the resonance peak where high loss occurs. Figure 5.3(c) shows that the ﬁgure of merit
(FOM), which is deﬁned as |Re(n)/Im(n)| and increases dramatically from 2 to 25. Further
investigations show that an optimized ﬁshnet structure at GHz frequencies can have a FOM in
the order of 50. However, according to our simulations, the SRRs type metamaterial usually
has a FOM larger than 100, due to the large eﬀective inductance to eﬀective capacitance ratio,
L/C. It is very diﬃcult to fabricate and characterize the SRRs at optical frequencies[1, 92],
so we are forced to use the ﬁshnet design, which gives n < 0 for perpendicular propagation.
Another way to increase the inductance, L, is to increase the relative permeability, μr, of
the dielectric spacer. In order to keep the resonance frequency unchanged, we must decrease
the dielectric constant, r, of the spacer accordingly, i.e., to keep μrr as a constant. The
magnitude of the magnetic resonance will increase dramatically as μr increases. In order to
avoid the periodicity eﬀects [41, 33] due to the strong magnetic resonance, we limited the
range of μr to less than 2 and used a lossy material as the dielectric spacer with loss tangent,
tanδ = 1.5 × 10−3. Figure 5.4(a) shows eﬀective permeability, μ, as the permeability of the
spacer μr changes from 1 to 2. One can see from Fig. 5.4(a) that the magnitude of the magnetic
resonance increases by a factor of 2. In Fig. 5.4(b), the value of the real part of the refractive
index, Re(n), increases and moves away from the center of the loss peak. The ﬁgure of merit,
shown in Fig. 5.4(c), also increases by a factor of 2 and has a maximum value of 6.
We also examined the losses of the ﬁshnet structure in the infrared and the optical regimes.
Similar to the microwave frequency, the magnetic resonance become stronger as the separation,
s, increases from 30 to 90 nm as shown in Fig. 5.5(a). Figure 5.5(b) shows the eﬀective
refractive index Re(n) versus the frequency at THz region. Notice that n < 0 at 370 THz,
which is in the optical regime. In Fig. 5.5(c), one can see that the ﬁgure of merit increases
from 4.2 to 10.0 (peak value) as the separation, s, changes from 30 to 90 nm. At frequencies
above 100 THz, the losses of the ﬁshnet structure increase rapidly as the resonance frequency
increases [49, 47, 56]. In our simulations, we manage to achieve a FOM=2.5 at 620 THz (λ=484
nm) using silver (The permittivity of silver is described by the Drude model with the plasma
frequency, fp=2181 THz, and the damping frequency, fc=14.4 THz, which is 3.3 times the
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Figure 5.4 (a) Eﬀective permeability for the ﬁshnet structure with permeability of the
dielectric spacer μr=1.0 (blue dashed), 1.4 (green dotted) and 2.0 (red solid),
respectively. The dielectric constant is r = 20/μr. The frequency f is nor-
malized by the resonance frequency fm ( fm =2.323, 2.325 and 2.330 GHz for
μr=1.0, 1.4 and 2.0, respectively). (b) The normalized loss and the real part
of refractive index (dashed). (c) Figure of Merit.
damping frequency of the bulk material to take into account the high loss in the thin layer of
silver.) As a comparison, the best results so far in the optical regime, is FOM=0.5 at λ=784
nm [49]. So, our new ﬁshnet design has reduced the losses and increased substantially the
ﬁgure of merit.
It is worth to point out that one can not increase s in the ﬁshnet design arbitrarily. The
maximum value of s is limited by two facts. First, it is restricted by the unit cell size, az, in
the propagating direction. The unit cell size, az, is limited by the homogenous assumption of
left-handed materials, i.e. az  λ, and also by the requirement of negative permittivity, which
is provided by the long wires along the electric ﬁeld direction and will be diluted by a large
unit cell. Second, according to our simulations, as s increases up to a certain value larger than
the width of wires, w, the magnetic resonance will disappear. This is due to the fact that the
short wires are decoupled from each other as s w.
5.3 Conclusions
In summary, we proposed a simple and eﬃcient way to reduce losses in the left-handed
metamaterial designs by increasing the inductance to the capacitance ratio, L/C. We found
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Figure 5.5 (a) Eﬀective permeability for the ﬁshnet structure for three diﬀerent widths of
the dielectric spacers, s=30 (blue dashed), 60 (green dotted), and 90 nm (red
solid), respectively The other parameters are given by wx = 100 nm, wy=200
nm, ax=ay=300 nm, t=40 nm, r=1.90. (b) The real part of refractive index
(dashed). (c) Figure of Merit.
that the ﬁgure of merit of the ﬁshnet structure can be as large as 50 at microwave frequencies.
Our method is also valid in the infrared and in the optical regime, we should be able to obtain
a ﬁgure of merit of 2.5 at λ=484 nm, which improved the ﬁgure of merit by a factor of 5,
comparing with the best result at λ=784 nm so far. Although our approach is presented
using the ﬁshnet structure, it’s a generic method and can also apply to other type left-handed
material designs such as SRRs.
81
APPENDIX PHASE VELOCITY, GROUP VELOCITY, AND ENERGY
VELOCITY IN LHM
Following the same deﬁnition as in right-handed materials, the phase velocity in left-handed
materials is given by
vp =
ω
|k| kˆ =
c0
|n| kˆ, (A.3)
where kˆ = k/|k| is the unit vector along k direction. The group velocity is deﬁned as
vg = ∇kω = dωd|k| kˆ, (A.4)
Using the dispersion relation k = ωc0 |n|kˆ, one can obtain
vg =
c0/|n|
1 + ωn
dn
dω
kˆ =
vp
α
. (A.5)
Where α = 1 + ωn
dn
dω . Next, we will prove that α has the same sign as n.
α = 1 +
ω
n
dn
dω
= 1 +
d ln |n|
d lnω
=
1
2
(
1 +
d ln ||
d lnω
)
+
1
2
(
1 +
d ln |μ|
d lnω
)
=
1
2
(
1 +
ω

d
dω
)
+
1
2
(
1 +
ω
μ
dμ
dω
)
(A.6)
Using inequality in Equation. 1.8, one can easily show that,
1 +
ω

d
dω
> 0, 1 +
ω
μ
dμ
dω
> 0 for  > 0, μ > 0
1 +
ω

d
dω
< 0, 1 +
ω
μ
dμ
dω
< 0 for  < 0, μ < 0
and thus, one can get,
α > 0 for  > 0, μ > 0
α < 0 for  < 0, μ < 0 (A.7)
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So we have proven that α has the same sign as n does. Equation. A.7 and Equation. A.7
imply that the phase velocity, vp, and the group velocity, vg, are parallel in the right-handed
medium and are anti-parallel in the left-handed medium.
The energy velocity is given by ve = S¯/w¯ [13], where S¯ and w¯ are the time average poynting
vector and time average power density, respectively.
S¯ =
1
2
Re(E ×H∗) = |E0|
2
2η
n
|n| kˆ
w¯ =
1
4
[
d(ω)
dω
|E0|2 + d(μω)dω |H0|
2
]
=
1
4
|E0|2
[
d(ω)
dω
+
1
η2
d(μω)
dω
]
therefore, the energy velocity is given by,
ve =
S¯
w¯
=
n
|n|
2
η
(
1 + ω
d
dω
)
+ μη
(
1 + ωμ
dμ
dω
) kˆ
=
n
|n|
1
1
2
n
c0
(
1 + ω
d
dω
)
+ 12
n
c0
(
1 + ωμ
dμ
dω
) kˆ
=
c0kˆ
|n|
1
1 + d ln |n|d lnω
=
vp
α
(A.8)
Comparing equation A.5 to A.8, on immediately see that the energy velocity, ve, is same as
the group velocity, vg. In a right handed medium, where α > 0, vg and ve are in the same
direction as vp while in a left handed medium, where α < 0, vg and ve are in the opposite
direction of vp.
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